A Discrete Eulerian Model for Spherical Wave Propagation in Compressible Media by Faccioli, Ezio & Ang, A.H-S.
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
IVIL ENGINEERING STUDIES 
STRUCTURAL RESEARCH SERIES NO. 330 
DISCRETE 
A PROPAGATION IN CO 
by 
E. fAce 
and 
A. H,-S, 
Issued as a Technical 
Report of a Research P 
Carried Out Under 
NATIONAL SCIENCE FOUNDATION 
Research Grant No. NS 
UNIVERSITY Of 
URBANA, 
JANUARY, , 968 
A DI SCRETE EULERIAN MODEL FOR SPHERI CAL 
WAVE PROPAGATION IN COMPRESSIBLE MEDIA 
. by 
E. Faccioli and A. H.-S. Ang 
I ssued as a Technical Report 
of a Research Program Carried Out Under 
NATIONAL SCI ENCE FOUNDATION 
Research Grant No. NSF-GK589 
University of Illinois 
Urbana, Illinois 
January 1968 .. 
A CKNOWL EDGM ENT 
The investigation presented herein is part of a research 
program related to the development of discrete mathematical models for 
solid media being conducted in the Department of Civi 1 Engineering, 
University of Illinois, and sponsored by the National Science Foundation 
under Research Grant NSF-GK589. The report is based on a doctoral 
di ssertation by Dr. Ezio Faccioli, submitted to the Graduate College 
of the University of 111 i noi s i nparti al fulfi l1ment of the 'requi rements 
for the degree of Doctor of Phi losophy. The research was performed under 
the immediate di rection of Dr. A. H.-S. Ang, Professor of Clvi 1 Engineering. 
Thanks are due to Professor R. A. Eubanks for stimulating 
di scussions at various stages of the investigation. A grateful 
acknowledgment is extended to the staff of ihe Department of Computer 
Science for the cooperation in the use of the IBM 7094-1401 computer 
system, and particularly to Mr. P. A. Alsberg, Research Assistant in 
Computer Science, for his valuable help in coding certain parts of the 
computer programs used In this study. 
iv 
TABLE OF CONTENTS 
ACKNOWLEDGMENT 
LIST OF FIGURES . 
I. 
II. 
INTRODUCTION. . 
1.1. 
1.2. 
1·3· 
1.4. 
General . 
Object and Scope of the Research. 
Related Previous Work . 
Notation .... 
CONSERVATION LAWS . 
2.1. 
2.2. 
2·3· 
2.4. 
2.5· 
Integral and Differential Form of the Conservation 
Equations for Continuous Compressible Flow. 
Significance of Assumptions . . . . . . . . . . 
Conservation Equations for the Model ..... . 
Discontinuities Arising in Compressible Flow .. 
Weak Solutions and Viscosity Methods .. 
III. MATERIAL BEHAVIOR ..... 
IV. 
V. 
VI. 
3·1. 
3·2. 
3·3· 
3·4. 
Introductory Remarks. . ... 
Grigorian's Model. . . ... 
Flow Discontinuities and Dissipation Phenomena 
Associated with Grigorian's Equations ... 
Experimental Pressure-Density Curves for a 
Typical Granular Medium . . . . . 
NUMERICAL METHODS . . . . . . . 
4.1. 
4.2. 
Integration Technique for the Interior Cells. 
Computational Algorithm and Treatment of 
Boundary Mot ions. . .' . . . . . . . . . .' 
Truncation Error and Stability Properties of the 
Difference Equations ....•... 
NtJMERIG.L\.L SOLUTIONS OF SPHERICAL PRESSURE WAVES IN 
EARTH MEDIA . . . . . . . . . . . . . . . . 
5.1. Introduction. . . . . . . . . 
5.2." Elastic-Plastic Propagation in Granite. 
5.3. Shock Wave Propagation in Playa Silt. 
5.4.· Effect of Sound Speed Discontinuities of 
Unloading Waves on Stability. 
SUMMARY AND CONCLUSIONS . 
REFERENCES .. 
FIGURES .. 
Page 
iii 
v 
1 
1 
3 
5 
9 
11 
11 
17 
18 
33 
44 
49 
49 
50 
57 
60 
62 
62 
64 
69 
78 
78 
79 
85 
90 
93 
95 
98 
Figure 
1 
2 
3 
4 
5 
6 
7 
8 
9 
v 
LIST OF FIGURES 
Spherically Symrnetri.c Eulerian Cell. . 
Cross Section of Spherical Model 
Boundary Cell a a 
Cell with Discontinuity Surface d(r)t) = Constanta 
Pressure-Density Relationship for Soils with In~tial 
Bonds. a a . a a a a . a a . a 0 a 0 a . . . a . . 
St'ress-Strain Curves for Uniaxially Loaded ·Playa .. S;i.lt 
(D3.visson and Hendron) . a .. ... a . . . 0 • 0 
Radial stress vs. Axial Stress for Uniaxially Loaded 
Playa ·Silt (after Davisson and Hendron). 0 •• 0 
Pressure-Density Curves for Playa·Silt . ~ 
Radial Stress Decay in Granite (Hardhat) 0 
10 Radial Velocity·Decay in Granite 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
Stress Profiles in Granite at t 4.83 msec. 
Stress Profiles in Granite at t 9.05 msec. 
Radial Stress Histories in Granite 
Effect of Mesh Size on Velocity-Histories. 
Shock and Precursor Paths for Varying t:ll' 
Comparison Between Linear and Quadratic 
Viscosity' Effects 0 0 0 a 0 
Velocity Histories (Playa Silt). 
Pressure Histo~ies (Playa Silt). 
Velocity Profiles (Playa Silt) .. 
Pressure Profiles (Playa Silt) a 
History of Cavity .. Expansion (Playa Silt) q • 
'Page 
98 
99 
.100 
101 
.102 
103 
104 
105 
106 
108 
109 
110 
111 
.112 
113 
.114 
115 
116 
117 
.118 
Figure 
22 
23 
24 
vi 
LIST OF FIGUBES (Continued) 
Deviatoric Effects on the Initial Stress Profiles 0 
Deviatoric Effects on Radial Stress History at 
r = 5055 in. 0 • • • 0 • 0 •• 
Effect of Soundspeed Discontinuity on 
Unloading Waves. 0 ••• Q 0 • Q Q 
Page 
119 
.120 
121 
1 
I. INTRODUCTION 
1.1.:, :Gem:eFal 
A rapidly increas ing interest in the effects of high--energy 
undergroun~ explosions has stimulated in recent years a considerable 
number of investigations devoted to the prediction of ground motions 
in the neighborhood of a blast source 0 In,many in~.ta:nces thi:shas 
led to the development of computer codes capable of describing, by means 
of discrete numerical techniques, the propagation of the pressure waves 
generated by the blast in the surrounding medium. The problem posed 
is of considerable mathematical complexity, as it can be easily realized 
. through a brief review of the phenomena observed in connection with'an 
underground atomic burst. 
Experimental evidence indicates that a zone of vaporized and 
molten material is generated by the blast in the immediate vicinity of 
the source; the extent of this region depends on the properties of the 
medium, the yield of the explosion and other factors. In this zone the 
material behaves probably like a fluid and it seems therefore appropriate 
to term it a "hydrodynamic" zone. When the energy level of the outward 
propagating blast wave has been' sufficiently lowered by heat dissipation 
and spherical divergence, a subsequent zone is formed which is character-
ized by permanent distortions and large density changes; the rigidity 
and other properties of the solid medium then play an increasingly 
important role. 
The final stage of the propagation process occurs with a gradual 
transition from the zone of permanent distortions into a zone where the 
material particles undergo fa purely elastic motiono . A complete solution 
. of .the problem i~cluding,all the different ra~ges of material behavior 
has so far been obtained only for extremelY s.implified situations 0 
For this reason, many. recent research efforts have been' 
directed toward a partial theoretical solution of the problem, i.ea one 
which applies for a single range (or ·poss.ibly two ranges) of material 
behavior~ A good part of these investigations were' concerned with the 
motions and pressures in the hydrodynamic zone because of the enormous 
amo~t of energy which is r~leased.)?y the ~xp~osioni~ t~e'e~r~ stage 
of propagation. At the same time, . extensive experimental research has. 
been promoted to obtainadeq,uate description of the mechanical and 
thermodynamical properties of various materials under extremely high 
pressures 0 
Comparatively lesser attention has been devoted .to the 
study of wave propagation. in the range where the medium experiences large 
distortions and density changes but where the assumptions of purely 
hydrodynamic flow would no longer be adequate a This reg;i.on maybe quite 
extensive and information relative to the distributiono! stresses and 
motions in this region could be of in the design 
of protective structures 0 .In fact the design. of an underground structure 
to res is t the effects of a nuclear explos ion, 'require s . knowledge of' the· 
pre's sure and wave motions at different ranges from the burst 0 However, 
the scarcity of knowledge about compressible material behavior with 
permanent deformations Wldermulti-axial states of stress represents a 
major obstacle to obtaining a realistic model of wave pr?pagation in this 
range 0 
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L 2 '.,,' .0b<j~ct:.rSt.ndScope'·.of the .Res~.a::tch 
The objective of this research is to develop a numerical method 
for describing wave motions in spherically symmetric compressible selids 
with nonlinear behavior a One important application of such a method 1.s 
the study o.r prediction of the dynamic environment in the permanent-
deformation zone generated by an underground contained nuclear blasto 
In such an undertaking, the continuum is simulated by a dis-
crete conceptual model of the spherical solido The discrete model 
provides a clear and simple physical framework for the formulation 'of 
the basic conservation principles governing the problems of compressi.ble 
flow" both in the hydrodynamic and non-hydrodynamic range 0 The basic 
relationships for the model can be developed ~uite generally to cover 
both ranges of flow, but as stated above,emphasis in the applications 
will be directed to the non-hydrodynamic problem" 
The assumption of spherically symmetric geometry and the 
idealization of an infinite medium will be used throughout in order to 
simulate a fully contained underground nuclear bursto The results, 
obtained are approximate, because the method of solution is essenti.ally 
a centered finite difference approach and errors may be introduced by 
the use of artificial viscosity terms which were found necessary for. 
smoothing flow discontinuitieso However, some hitherto unsolved 
problems can be better solved with the proposed technique, including the 
effects of strongly nonlinear constitutive relationships of compressible 
media 0 Because of the current interest in problems of ground motions 
induced by. nuclear bursts, attention will be focused on the dynamic 
characteristics of a representative class of earth mediae 
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The discrete conservation equations derived Yor the model are 
compar~d with ,the corresponding continuum conservation principles both 
in integral and differential form and the conservative form of the model 
equations is pointed out. 
A section is devoted to the revi~w of certain aspects of the 
theory of discontinuous flow with special reference to the relation 
between the concept of weak solutions of the conservation equations and 
the artificial viscosity terms used for propagating shock waves. 
The features of the proposed method are illustrated with two 
problems of dynamic expansion of a spherical cavity in an infinite 
medium using various assumptions of material behavior. The effect oT 
a nonlinear bulk-type behavior is analyzed, as well as that of a more 
complete stress-strain description, including deviatoric effects. Also 
considered is the effect of different unloading hypotheses on the 
rate of decay of wave amp Ii tudes. 
A non-rigorous analysis of the stability properties and of 
the truncation error of the finite difference equations of the model is 
discussed. A rigorous analysis of the discretization error introduced 
by the model is not attempted but the effect of successively finer space 
and time zoning on the convergence of the solution is shown. This 
point is of great importance; in the absence of a more rigorous analytic 
examination, no, compy.ter code should be considered to give a sa tisfactory. 
solution to this prohlem unless a '''demonstrated convergent" solution has. 
been illustrated. 
All the computations were made on an I~M 7094 digital computer 
from programs written in FORTRAN II language. 
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lu3u Related. Previous Work 
All of the mathematical models used for solving ground motion 
problems in numeri.cal form are obtai.ned by representing a soli.d continuum 
through a finite number of points and by variously defining the basic 
field quan~ities at these points 0 T:'1US" by applying the fundamental 
conservation principles to small elements of the continuu.ru" the conserva-
tion equations in finite difference form can be obtained 0 Ignoring 
higher than first order terms and taking the limit as the discrete 
element shrinks to a point in the space-time domain} one obtains the 
equations of continuum mechani.cs 0 Clearly) the absence of the limi.ting 
procedure and the possible omission of important second order terms 
. represent the primary difference beb'leen the difference equations and. 
the differential (or integral) equations of conti.nuum mechanics and 
the primary source of errors 0 It is also evi.dent that by finer and 
finer discretization of the continuum the difference equations approach 
the proper differential equationso However, this does not mean that 
the solution of the difference equations necessarily approaches in the 
limit the exact solution" si.nce this result has been rigorously- proven 
only in some special caseso This point should be recognized whenever 
discrete techniques are used and the validity of the results obtained 
thereby should be evaluated properlyo 
From the point of view of the description of wave motions} 
the ma thema tical models used i.n existing codes can be classified as 
being either. of Lagrangian or Eulerian type 0 According to the so-called 
Lagrangian point of view (actually due to EIJ . .ler), one describes the 
trajectories of individual particles as a function of time with reference 
6 
to some initial reference position taken at time to. On the other hand, 
with the Eulerian description one does not follow individual particles 
but rather watches ,what happens at every fixed point in space as a 
function of time. 
In a discrete approach, the Lagrangian viewpoint can be used 
in various ways. One can initially set a lattice of reference points in 
the medium and write the finite difference conservation equations for 
the distorting lattice as direct analogues of the differential equations. 
One~dimensional spherically symmetric calculations of· this type can 'be 
found for instance in Ref. (29). 
'In another Lagrangian approach, which has the features of a 
physical analogue, the medium is subdivided. into finite port'ions, each 
conveniently related to some reference point. The description of motions 
is obtained by writing the conservation principles for each z.on:e or for 
an appropriate set 'of zones centered at a reference point and following 
its trajectory. The relevant field equations at the reference points 
are obtained through suitable definitions of the inertial and ki.nematical 
properties of the neighboring zones. A rather sophisticated model of 
this nature is described for example in Ref. (36). 
All the Lagrangian models suffer from the following drawback. 
When the medium undergoes large deformations, the lattice of reference 
points can be so severely distorted that the finite difference equations 
no longer produce uniform approxima~ion and, as such, are bound to cause 
I.'apid deteriorati~n of the calculations unless some elaborate rezoning 
procedures are introd~ced. On the other hand, Lagrangian models usually 
allow for a convenient treatment of physical boundaries ina problem; 
7 
and may also produce finite difference schemes with better stability 
properties than the corresponding Eulerian schemesc 
The most convenient way of setting a reference frame for the 
Eulerian models is to think of a set of fictitious cells centered around 
the points of a fixed space latticeo These cells are the smallest 
71 subsystem" in which the conservation processes are defi,nedo The laws 
governing such processes can be stated, in- an elementa.ry way, in terms 
of the field quantities associated with the material that flows into or 
out of each cell during motiono Such "transport phenamena iJ involving the 
transfer of material from one cell to another clearly playa central 
role in the Eulerian description, and some of the most significant dif-
ferences among the various discrete Eulerian models are precisely 
related to different representations of the transport phenomena 0 One-
and two-dimensional hydrodynamic calculations using Eulerian modeis 
ca~ be found for example in Refs. (27) and (31)0 
I 
For non-hydrodynamic motions in one space dimension an Eulerian 
analogue which does not use the cell representation·has been proposed in 
Ref 0 (28). 
Because of the nondistorting space lattice, Eulerian models 
seem to be most appropriate for problems involving large material 
deformations 0 These also lead to a more convenient analysis when fixed 
physical boundaries are present in the region of flow. The drawbacks 
consist chiefly of the diffusion effects caused by the discretization 
of transport. phenomena and in the difficulties arising from the treatment 
, 
of physical boundaries that are in motiono In these cases, the position 
of the .. boundaries will change smoothly and continuously and will not 
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coincide with the points of the reference mesh, therefore, adding a 
further unknown to the problem. 
Another interesting category of models make use of the so-called 
'fparticle-in-cell" (PIC) method, in which the most convenient aspects of 
the Lagrangian and Eulerian approa'ches are combined. Here the basic 
cell of the Eulerian models is retained but the material within each 
cell is divided into many particles, each carrying a certain fraction 
of the total mass contained in the cell. The flow of material through 
the cell boundaries is achieved by the Lagrangian motion of the single 
particles between cells, whereas the conservation requirements are 
computed with an Eulerian scheme. This method has proved successful in 
the solution of a number of one- and two-dimensional problems. However, 
its appl~cability seems to be somewhat limited to the range of hydro-
dynamic behavior. (6) Moreover, the vast amount of computational labor 
required by ,this method makes its use inadvisable for problems where 
other methods of solution are possible. The latest version of the PIC 
method is described in Ref. (7). 
The above review provides some of the reasons for the need 
of a new Eulerian model for prediction of wave motions in both the hydro-
dynamic and non-hydrodynamic regimes. It is believed that, for one-
dimensional problems, the Eulerian framework described herein gives a 
discretization procedure with certain desirable properties, including 
a clear visualization of the physical principles involved. 
The Eulerian model proposed in this research can be properly 
regarded as 'a physical analogue for problems involving hydrodynamic flow, 
but as it will be shown, it can as well be employed in continuum problems, 
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involving a non-isotropic stress tensor" through a convenient spatial 
arrangement of the cells and a proper definition of the local stress 
componentsu In this respect the present model can be vi.ewed as a 
generalization of the model proposed by A. Ho -Su Ang (:5 ) and extensi.ve.ly 
used for static and dynamic problems of solid media; see for example an 
important application in Ref. (4) 0 The two mod.els share the common 
property of being derived on clear physical grounds and. of producing 
centered finite difference analogues of the conservation equat:i.ons. 
When not otherwise specified, compressive stresses are-con-
. sidered positive and tensile stresses negative 0 Both the suffix notation 
and the common engineering definitions of stress and strain are employed 
in the formulas of Chapter 1110 
Many symbols are defined where they appear for the first time 
in the text. A list of the symbols not deflned elsewhere' follows 0 . 
c 1 -
c = s 
V 
\}o 
6t 
fir 
E 
e 
r~o (K + ~ G)11/2, elastic dilatational velocity of wave 
U J propagationu 
1/2 (G/ p ), elastic shear velocity of wave propagation 
o 
gradient operator 
divergence operator 
time increment 
radial mesh length 
total energy (internal + kinetic) per unit mass 
pE, total energy per unit volume 
10 
f generic surface traction per unit area 
F r radial ~omponent of the total force . [ f n d S 
= pv,' momentu:m per unit ·volume 
outWllrd unit normal vector 
p preSl'Jure 
.p p(t),,, applied boundary pressure 
p density, or mass per unit volume 
initial density for undisturbed states 
radial Eulerian coordinate 
radial stress 
r:J. ,0 "' .... 1 axial stress 
. a ax.&.a. 
s entropy per unit volume 
t time 
.veloci ty vector. 
v radial velocity .. in ,pherically· symlnetric flow 
Wi initial_tel" content 
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II. CONSERVATION LAWS 
2.1. Integral and Differential Form of the Conservation Equations for 
Continuous Compressible Flow 
The equations governing the wave motions of compressible media 
express the basic conservation requirements of continuum mechanics, which 
are as follows: 
(a) conservation of mass 
(b) conservation of momentum 
(c) conservation of total energy (first law of thermodynamics). 
With the addition of an equation of state accounting for the specific 
properties of the medium, the above system allows for a complete descrip-
tion of continuous compressible flow. 
An ideal medium is considered here, in which no viscous fric-
tion and no heat conduction can occur. The conservation principles 
will be stated with reference to a "control volume" fixed in space, 
through which the medium flows without discontinuities. The notion of 
a "control volume" is clearly implied by the Eulerian viewpoint. 
Neglecting the effect of body forces, the conservation equations in 
Eulerian form read as follows 
1 ~ d-r + 1 r:l:V • n dB = 0 
l' S 
= J tv . ndB 
S 
(conservation of 
mass) (1) 
(conserva.tion of 
momentum) (2) 
(conservation of 
total energy) 
(3) 
12 
where ~ is the control volume, bounded by the surface 8. In each of 
the above equations the first integral on the left side can be inter-
prE:!t~c1 ~s the:ti!Ile· ratE: C?t acc~}l:La:t:L9n of tl1:~ :totalq'tlE.nti~:y(IlJ.S.ss, 
momentum, etc.) that is being conservedj let this quantity be denoted 
by B. The second integral on the left side represents the algebraic 
difference between the outflux of Bthrough the control surface 8 and 
the influx of B through the same surface. The integral on the right 
side of Eqo (2) represents the total force exerted on ~ through S by 
the surrounding medium, whereas the corresponding integral in Eq. ,(3) 
is the rate of work performed on 8 by all the surface tractions. (18) 
Then, .each of the above equations essentially states that B changes at 
'a rate eq~al to its flux through the boundary 8 in a .manner compatible 
with the action exerted on it by the neighboring mediumo Any dissipa-
tive mechanism within ~ is thus clearly ignored. in Eq. (3)., 
For purposes of"S implici ty cons ider a control volume with 
spherical geometry as shown in Figo 1. Thip means that the flow will 
occur only through the curved surfaces 81 a~d 82 and in directions. 
normal to these surfaces indicated by the arrows. in Figo 10 .Moreover 
if there is complete symmetry, f, p, v and E are constant on 81 and 82 0 
Under these conditions, Eqso (1), (2), and (3) reduce to 
(pv),f2 ( 4) 
(6) 
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where All A2 are the areas of the surfaces 81 ,82 and the subscri.pts 1 
and 2 denote the constant values of the respective quantities over 81 
and 82 0 Applying the mean value integral theorem to the volume integrals 
appearirigin Eqs 0 (4) ,(5)) a.rid (6), these equations yield) 
rd(pE)J 1" 
L dt JQ 
(8) 
where [ ]Q indicates that the derivatives are evaluated at some point Q 
in ~o It should be observed that no approximation has so far been 
introduced 0 It will be seen that the conservation equations of the model 
Although the physical character of the conservation principles 
(- ') ( , is best described in the form as shown in Eqso ,1 through ,3), it is 
convenient to express them also in differential form 0 Using the 
divergence theorem for the surface integral in'Eqo (1) yields) 
from which, for arbitrary control volume ~) 
~ + \l 0 (pv) dt ' . o 
Using again the divergence theorem, Eqo (2) can be rewritten as) 
(10) 
14 
+ 'J ' (P;:;:,rB d'L = + 1 fn dS 
S 
But d~iV) = -v v 0 (pv) + p ~~ from Eq 0 (10)) 
and V 0 (pvv) v 0 (pv)v + pv 0 v V 
and also r fil dB r Vfd'! 
J S J1" 
Therefore Eqo (11) becomes 
o . 
(11) 
(12) 
With the further assumption of purely hydrodynamic motion" the only 
surface traction is the hydrostatic pressure exerted on ~ by the sur-
rounding fluid) and then from Eqo (12) 
dv . P dt .,- pv 0 V v + V P 
But,in vector notation 
dV -!- (v 0 v)v =Dv dt . , Dt 
o 
where ~t is the total derivative operator 0 Therefore Eqo (13) can be 
rewritten as 
DV 
P Dt - - vp (14) 
Similarly) Eqo (3) can be shown to be 
DE 
- v 0 (pv) P Dt -
15 
Equations (10)) (14)) md (15) are the well known differential equations 
of classical hydrodynamics in their standard form. Except for Eq. (10)) 
the specific physical character of the conservation principles is not 
obvious in this fonno However) these can be rewritten in such a way 
that the analogy with Eqso (7) through (9) appears more clearly 0 
For simplicity) consider the system of Eqso (10)) (14); and 
(l5) in the case of spherically symmetric flow, which are J 
£e.. + d(pV) 2 pv = 0 
dt dr + r (conservation of mass) (16) 
(dV dV) + ~Pr·. = 0 P dt + v dr 0 (conservation of momentum) 
( dE + dE) d(pV) + 2pv = 0 Pdt vdY" +~ r (conservation of energy) (18) 
Adding the tenn v ft to both sides of Eqo (17) and usingEqo (16) yield) 
c(pV) 
dt = 
2 2 d(p + pv ) _ 2 ~ 
dr r 
With an analogous treatment Eqo (=!-8) becomes ~ 
c(pE) 
dt 
c(pvE + pv) _ 2 v(p+ pE) 
dr r (20) 
Fo r the ca s e of pur ely hydro dynam i c flow and us :l.ng De = ~) Eq s 0 ( 7) 
through (9) read 
(21) 
J II sin ~ dS 
Be (22) 
(23) 
where the forces have been taken as positive in the direction of in-
creasing r (see Fig. 1). By letting 'T -7 0 in the above expressions, 
2 
Eqs. (16), (19), and (20) are obtained (where the terms 2 p; , 2 p; 
(pv. + pvE) 
and 2 clearly account for the spherical geometry of the system,). 
r 
It may be observed that the differential equations ,Eqs .(19') 
and (20), which were derived from the integral form, of the conservation 
laws as given by Eqs. (2) and (3) through a limiting process, preserve 
their conservative form, whereas Eqs. (17) and (18), which are special 
cases of Eqs. (14) and (15) do not. The difference between the two forms 
is due to the explicit coupling of mass conservation with the conserva-
tion of momenturnand energy that was used to obtain the standard,hydro-
dynamic equations, Eqs. (~4) and, (15), from the integral equations. If 
the coupling is not used, the conservative character remains clear 
throughout. 
It has been previously assumed that the medium, behaves like 
a fluid, which is possible only for solid media, in an extremely high 
pressure range. For lower pressures, the rigidity of the medium may not 
be negligible even when relatively large distortions and. density changes 
occur 0 In this latter case, the explicit form of the surface traction 
changes but otherwise the conservation equations given above remain 
valid.. The hydrostatic pressure is, therefore, replaced with the 
components of a stress tensor. 
Referring again to the case of spherically symmetric motions, 
and expressing the surface tractions by means of the components of the 
local stress tensor (Or' ae 
::4' \ ,~,tpv ) 
(jt 
(j(pE) 
dt = 
c(a v + pvE) 
r 
17 
2v( a + pE) 
r 
r 
which correspond to Eqs. (19) and (20) of the purely hydrodynamic 
s i tua ti,on a 
2,,20 Significance of As sumptions 
The meaning of the assumptions made at the beginning of 
Sect. 2.1,requires some clarification. 
Neglecting the effects of heat conducticn and viscosity is 
eCluivalent to a sS1D.1ing that the specifi,c entropy of a particle of the 
d ' . t t d" t ~ . d F . d ··h (10) me lWTI remalns cons an or J accor lng 0 ·,;o1~rant an rle rlC s, ' 
that the changes in state at a rna terial point are adiabati.c 0 Since a 
parti.cle has no meaning' in the Eulerian description, one can translate 
the sa:~e concept into Eulerian terms by saying that changes of state of 
the porti,cn of fluid which happens to be ins id.e the control volume at a 
certain time, are adiabatic 0 
The requirement of fl-abi.abaticity"· can be sat:isfi,ed through 
the first law of therm.odynamics by stating that the change of total 
energy in the control volume is due solely to the work done by the 
pressure forces acting on its surface, since no heat flow can take place 
through the boundaries 0 :rhis is expressed by Eqo (3) or (15) and it can 
20 
interval dt is P'Vdtrdcprd8 J the mass transport terms become} 
+ ~ 68 
2 "2 t+6t 
6..\11 J J J P (i-I, t)v(i-l, t)dt r (i-l)dcp r (i-l)dS 
~ t:E t 
2 2 
P (i-I!! t )v( 1-1.9 t )dt 
2 -j(. * 
= r (i-I)p(i-l,t )v(i-l,t )6t~68 
* where t < t < t + 6t, according to the mean-value integral theorem. 
Analogously. 
+f!E. 
2 
t:E 
+"2 t+6t 
CMO J J J P (HI, t )v(i+l, t )dt r(1.+1)dcp r(i-'-l)de 
-~ 2. 68 t - 2 
= r2 (i+l)p (i+l, t **)v (i+l, t *·*)6.t/::{pt:J:J 
')H€-
where t < t < t + 6t. 
The total volume of the cell centered at 
t:J:J 
.f!£. r (i.) m +-
-r 2 +-2 2 
'rei) J J J dr rdcprdB 
t:i3 ~ r(i) 6r 
-"2 -"2 2 
i is 
= ~2 &3] r (i)6:1: + 12 t::J:t;D8 
(28) 
= r2(i) [r + 1; r~:J &~t::i1 :. r2(i}6rC¢l 
6;r2 
where the term has been considered negligible in comparison with 
l2r2(i) 
unity. 
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The mass in cell i is, therefore, 
.Mt +6t f .. l') -- P (l' ,t+/\·t)..,.. (l' ) d Mt ( . ) (. t) (.) \ W b an . l = P l, T l 
Then Eqo (26a) yields 
p ( i, t+6t ) r 2 ( i ) 6rl:!p6B = p ( i, t )r 2 ( i ) 6rl:{pL:E 
+ r2 (i.-l)p (i-l, t *)v (i-1., t *)6tl:!p6B 
- r
2 (i.+l)p(i-l-l,t**)v(i+l,t*'*)6tl:!p69 (30) 
It should be observed that 
and also, 
1 1 
- + --r:--r I\-yo ·ryo i i l' I ~ \ I 
and. (~la) 
2 
.6r in which the term has been·considered negligible in comparison 
4r2(i,) 
with unit Yo 
* ** .With these approximations, and also taking t ~ t J Eq. (30) 
becomes 
,21 
The mass in cell i is, therefore, 
Then Eqo (26a) yields 
p (i) t+6t) r2 (i )6rapt:8 = p'( i) t )r2 (i )6rap6fl 
+ r 
2 ( :1. -1 ) p ( i. -1, t *.) v ( i-I., t *) 6ttcp6fl 
- r
2 (i.+l)p(i+l,t·**)v(i+l,t*·*)6tLXpt8 (30) 
It should be observed that 
, and also, 
and 
r2(i+l) I'V 
6rr2(i) 
1 1 
"& + rm (31) 
(~la) 
2 
,6r in which the term has been' cons idered negligible in comparis,on 
4r2(i.) 
with unit Yo 
* ** .W~th these 'approximations, and also taking t ~ t , Eq. (30) 
becomes 
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p (i) t+6t) 
:By .letting 6t-+ 0 and. tsr .-+ OJ the contirrui ty equation of Eq, (16) is 
obta.inedu Therefore Equ (32) can be consi.dered as a centered finite 
di.fference a.nalogue of Eq 0 (16)" It should be observed that this is a 
direct consequence of Equ (26) or J more explici.tly Eq. (30), which repre-
sents an 9.pproximate statement of the exact conservation pri,nciple of 
In a s:imilar manner) a relationship expressing momentum 
conservation can be formulated. 0 The following scalar form of the law 
of impulse and momentum for cell 1. over a time .interval 6t is 
cens i,dered; 
t+6t, 0 ' t ( " ' (. . ) T . (1,) = T . 1.) + tITI 1,~1 I\'.n (0. 'l') 1\ .... ( • ') WJ,'O \,1:1"', . +- £....>.1." l 
where T is the momentum of the total mass contained in the cell at a 
specified ti.me~ 6T1 and 6TO are the momenta of the i.nflowing and out-
flowing masses duri,ng 6t, and 61(1,) is the change of impulse defined 
as 
t+6t t ~,+6t J F(i, t)dt - J F,i., t)dt ~ J Fll,t)dt F{ 1.9 t~)6t 
o o t 
Here F(i.~t) represents the resultant ferce i,n.tne direction_of motion 
as a consequence of the forces acting on the cell boundaries 0 When pure 
hydrodynamic flow is considered, 
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~ [P(i-l,t*)r2 (i-l) - p(i+l)r2(i+l)]6t~~ + 2p(i,t*)r(i)6r~6e6t 
(35) 
where the forces in the direction of increasing r are taken as positive 
If a complete stress description.is desired, involving a 
.radial stress or and two tangential. stresses Ge , 0cp} the resultant. of 
the forces acting in the direction of motion yields (see Fig. 1): 
Assuming that ~ and 6eare small and recalling that Ge .= G~ 
for spherically symmetric flow, Eq. (36) becomes 
The momentum transport terms 6'rI (i-l) and 6TO(i+l) in Eqo (33) 
can be defined in the same way as the mass transport terms of Eq. (26)0 
The momentum associated with the mass flowing through a fixed surfa.ce 
element rdcprde during dt, is P,v2dtdcpr2de. Wi.th a procedure similar to 
that leading to Eqs. (27) and (28)., these momentum transport terms can 
be shown tQ be, 
Clearly, 
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2 ) ( ** 2 . ** ~O(i+l) -= r (i+l p i+l,t )v (i+l,t )6t~~ 
With Eq. (38) and the approximations of Eqs. (29) and (31), and taking 
** * t ~ t , Eq. (33) yields: 
p(i,t+6t)v(i,t+6t) : p(i,t)v(i,t) 
* 2 * * 2 * + (6t/6.r)[p(i-l,t )v (i-l,t )-p(i+1,t )v (i+l,t )] 
- (6 t / r ( i ) ) [ p ( i -1, t *) v 2 ( i-I, t *) +p ( i + 1, t'*) v 2 ( i + 1, t*) ] 
For hydrodynamic flow Eq. (35) applies'- and Eq.,. (39) becomes 
. * * * 
- p(i+l,t ) .. p(i+l,t )v(i+l,t )] 
*. 2 '* * 2 '* 
-(6t/r(I))[p(i-l,t )v (i-l,t )+p(i+l,t )v (i+l,t )] 
* '* * + (6t/r(i))[2p(i,t )-P(i-l,t )-p(i+l,t )] 
(40) 
It should be observed that the last term on the right s ide of Eq. (40) 
does not have an analogue in the corresponding differential equation of 
Eq. (19). * However, it is clear that this term vanishes if P(i,t ) is 
'* - * assumed equal to 1/2[P(i-1,t )+~(i+l,t )] w~ich would indeed be the case 
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if 6r ~ O. If E~. (37) applies, then E~. (39) yields the following~ 
. * 0 * 2 * 
- ar(i+l,t )-p(i+l,t )v (i+l,t )] 
* * 2· * 
- (6t/r(i))[ar(i~1,t ) + p(i-ol,t )v (i-l,t ) 
+ ar(i+l,t*) + p(i+l,t*)v2(i+l,t~O)~2ae(i,t*)J (41) 
It is easily recognized that E~so (40) and (41) are centered finite 
difference analogues of E~so (19) and (24), respectively" 
The analogy of E~o (33) with E~o (8) ioos slightly less obvious 
than for the case of mass conservation; however, it can be observed 
that E~o (33), relating impulse and momentum, is simply another way of 
expressing Newtono! s Law. Once the impu.lse term has been explicitly 
written, the analogy becomes clearer 0 
For the conservation of energy, each cel:l element must express 
the first law of thermodynamics, taking into account the mass flux 
through its boundaries 0 
Neglecting heat transfer, the total energy balance for cell i 
over a time interval 6t, can be expressed as 
( 42) 
where H is the total energy of the mass contai.ned in a cell element at 
a specified time, 6HI and 6HO are the energy transport terms and 6W is 
the work pe~formed by the surface forces acting on the cell boundaries 0 
Obviously, 6W is found by multiplying the components ofOthe surface 
tractions acting on each face of a cell by the appropriate displacement 
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components. Assuming that the forces acting in the direction of motion 
aTe positive and observing that only the radial forces perform work 
( 4.3) 
where the direction of flow is as shown in Fig. I, and purely hydro-
dynamic motion is assumed a 
For a non-hydrodynamic stress state, the pressure is simply 
replaced by the radial stress; thus, 
6W * 2 .*. [crr(i-l.?t )r (i.-l)v(i-l,t_). 
- cr (i + 1, t *) r 2 ( i + 1) v ( i + 1, t *') ] 6tCi:p68 
r . 
(44) 
The energy transport terms can be expressed by observing that 
the total energy associated with the mass· flowing radially through a 
fixed surface element of area r2d~de during dt is pEvdtrdrrde, where E 
is the total specific energy. Following the same procedure that leads 
to E~s. (27) and (28) yields, 
6H1 = r 
2 ( i -1 ) p ( i + 1 " t* ) v ( i =·1, t* ) E ( i ~ 1, t )6. t6CA6B (45a) 
2 ( '( **.. **) ( **) 6HO = r i+l)p i+l,t .. )v(i.+l,t _ E .i+l,t __ 6.t~68 (45b) 
In the same terms, 
and, using the above relations for H, 6H, and 6W and neglecting the 2nd 
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'** * order terms, and taking t ~t, Eq. (42) yields) 
p(i,t+6t)E(i,t+6t) = p(i,)t)E(i,t) + (6t/6r)[p(i-l,t*)v(i-lJt*) 
( *, ( *) ( *') ( *) ( -11:') + p~i-lJt )v i-l,t E i-1)t - P i+l,t v i+l,t 
* *' * 
- p(i+l,t )v(i+l,t )E(i+l,t )] 
, '* * 
- ( 6t / r ( i) )[ p ( i -1" t ) v ( i -1, t ) 
+ p (i-l, t*)v (i.-l, t *)E (i-l, t *') + p (i+1, t *)v (i+1; t*') 
for the hydrodynamic case. 
(46) 
The same equation, with p replaced by a , 
r 
app,lies also for the non-hydrodynamic case. Equation (46) i,s clearly a 
centered finite difference analogue of Eq. (20)6 The set of difference 
equations, Eql" (32), (40), and (46) or, alternativelyt'he corresponding 
equations written for a non-hydrodynami,c situation, constitutes the 
system of conservation equations for the proposed Eulerian model. 
Since no coupling with the conservation of mass was required, 
the equation derived through the proposed model, Eqs. (32)y (40) and 
(46)) remaj.,n in the conservative form; that is" the resulting equations 
are directlY,related to Eqs. (7), (8), and (9), or to Eqs. (16)" (l9),? 
and. (20), respectively. 
The order of approximation and the stability ,properties of 
the finite difference equations are discussed in a subsequent chapter 0 
However, two of the approximations involved in the above schemes can 'be 
briefly discussed ,here a The first is related to the omission of the 
, 2 2 
second orderO(6r Ir ) terms. Clearly, in calculations involving the 
singular point r=O, and wher~ a fixed 6r is used, the 0(6r2/r2) terms 
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may not be negligible in the vicinity of small values of r. The second 
"*. point arises in connection with the time instanm t , etc., where 
.* t < t < t + 6t, at which the transport phenomena are supposed to 
'¥.-
take ~laceo In the absence of a limiting process, t cannot be 
determined precisely as required in the mean value integral theorem. 
Therefore, any choi.ce of t *, that satisfies the restriction 
t < t'* < t + 6t" will generally suffi,ce but will depend on the integra-
tion ~rocedureu Co~sequently, the choice of t* may affect the stability 
requirements of the computational schemes 0 For instance, choosing, 
t *' = t or t'*' = t+6t will result ) respectively, in an explicit or 
implicit integration scheme, whose stability requirements are different. 
It should be pointed out that, because of the arrangement of 
the interior cells in the present spherically symmetric model (Fig, 2), 
the field variables at the boundaries of a cell are well defined. This 
automatically produces central differencing schemes,which means that 
no uncontrollable diffusion effect is caused by the transport terms . 
. . In. many of the existing Eulerian modelsthefieldvariablesata .cell 
boundary'must be defined by means of interpolation procedures which 
invariably affects the stability of the calculations. Since this is a 
crucial point, the advantages and disadvantages of the proposed scheme 
will be discussed separately later. 
Eo Boundary Cells 
As pointed out earlier, a difficulty inherent in any Eulerian 
model is the treatment of moving boundaries. In problems of contained 
nuclear explosions, the close-in effects may be determined by assuming 
an expanding pressure pulse applied on a spherical cavity. The boundary 
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of the cavity) therefore) "Till be in motion. This motion will generally 
"be smooth and its position will generally not coincide with the original 
E1..uerian grid 0 
In order to describe the motion of the boundary} the model 
must permit the definition of the boundary at all times. This means 
that a tthe ~cav.,iLt -;y, some sort of Lagrangian description has to be used 0 
However} it will be shown that) by introducing a cell with variable 
geometry J the present model can allow boundary dis continuities , ,leaving 
the Eulerian treatment of the neighboring interior cells completely 
unchanged 0 
At a generic time after the onset of motion, the boundary will 
"be at some posi,tion between two fixed reference grids as shown in 
Figo 30 In this figure) N is the first of the fixed reference grids 
inside the region filled with material, whereas B and EM are ,reference 
poi,nts moving with the material inside the partially, empty cello In the 
following) the quantities labeled with B refer to the boundary while 
the quantities labeled byBM refer to the center of the portion of the 
boundary cell which is filled with material and are defined as the 
average quantities inside this cell of v8,riahle voll..UIle 0 
Since no mass flows into the boundary cell from the left side,) 
the conservation of mass, momentum, and energy of the boundary cell 
would be) 
Mt +6t (BM) = Mt (~ - LMO (N) 
Tt +6t (EM) Tt (EM) ~TO (N) + ill (BM) 
Ht +6t (EM) Ht(BM) - 6HO(N) + 6W(BM) 
( 48) 
(49) 
(50) 
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where the symbols have the same meaning as in Eqs. (26)) (33)) and (42). 
The basic difference with respect to the interior equations is that 
the volLooe of the material considered here is no longer constant but 
changes as a result of the motion of the boundary. 
If it is assQmed that in a time interval 6t the boundary 
advances from the position r(N) - 6s(t) to the new position r(N)-6s(t) 
*) +v(B,t 6t) then the volQme of the boundary cell is; 
and 
'r (BM) t) ~ r (liM) t ) 26s ( t ) 6:p68 = [r (N ) -6s ( t ) /2 ] 26s ( t ) iXp6B 
= r(N)26s (t)lr1 _ 6s(t) + 165(t)~11'qlL8 
r(N) '4 r(N)2J 
1" (EM, t+6t) ~ r (EM, t+6t) 2[65 (t) - v(B, t *)6t] l-cp6B 
(51) 
~ GCN) - (65 (t) -v(B, t *)6t )/~ 2 ~5 (t) -v(E, t *)6tll-cp6ll 
6s (t) 
r(N) 
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where terms of orders 0 (6.f;2/ r2) and 0 (6.t3) have been neglected. 
The total mass, momentum, and energy of a boundary cell then 
can be given as, -
Tt +6.t(BM) = p(BM,t+6.t)v(BM,t+6.t)T(BM,t+6.t)j Tt(BM) = p(BM:,t)V(BM,t)T(BM,t) 
Ht +6.t(BM) = p(EM,t+6.t)E(BM,t+6.t)T(BM,t+6.t); Ht(BM) = p(EM,t)E(BM,t)T(EM,t1 
Then Eq. (48) yields the conservation of mass for the boundary cell, as 
follows: 
p (EM, t+6.t) _ p (EM, t)f?{ (t) [l-~'( t )/r (N) J-p (N J t* )v(N J t* )6.t 
- ~(t)[1-~(t)/r(N)]-v(B,t*)6.t[I-2~(t)/r(N)+v(B,t*)6.t/r(N)] 
(53) 
where the outfl~x term at the point N is computed exactly as for the 
interior cells. 
Similarly, Ego (49) yields, 
~ = [p(t*)r2(B,t*)-p(N,t*)r2(N)]6.t~68 
. tJ1 . 
+ 2p(BM,t*)sin 2" r(1M,t*)6.r~t 
+ 2p(Bti,t*)sin ~ r(BM,t~)6rt86.t 
~ [p(t*)r2(B,t*)-P(N,t*)r2(N)]6.t~ 
+ 2p(EM, t* )r(Hv1, t* )6rLxp686.t 
for thehy~odynamic case, and 
AI- = [Or(B,t*)r2(B,t*)-Or,(N,t*)r2 (N) ]~4t 
+ 2 0e (EM, t * ) s in- ': r (If.1, t * ) ~( t ) ~t 
+ 20cp(BM,t*)s'in ~ r(BM,t*)6.~(t)686.t 
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for the non-hydrodynamic case. These last two equations then yield, 
p(BM,t+6t)v(EM,t+6t) ; {p(BM,t)V(EM,t)~(~)[l-~(t)!r(N)l 
-p(N,t*)v2 (N,t*)6t + [p(t*) - p(N,t*) 
-2~ (t) (p(t*) -;(EM, t*) )!r(N) 16tV 
{~~ (t) [1-6~ (t) / r (N) ] 
-V(B,t*)6t[1-2~(t)!r(N)+v(B,t*)6t!r(N)1} 
. - (54) 
and 
p (EM, t+6t )v(EM, t+6t) ; {p (EM, t)v(EM, t)~ (t) [l-~ (t)!r(N) 1 
-p(N,t*)v2 (N,t-fr.-)6t + [a (B,t*) -' a (N,t*) 
r r 
-2~ (t) (or (B, t*) - 0e (EM, t~) )!r(N) 16t}/ 
{~(t)[1-6t(t)!r(N)1 
-v(B, t·* )6tll-2~ (t) / r(N)+v(B, t* )6t/ r (N)] 
for the conservation of momentum in the hydrodynamic and non-
(55) 
hydrodynamic situations, respectively. The expression for the con-
servation of energy can be similarly obtained. 
It should now be observed that, using the above method, the 
boundary velocity shows up as an additional unknown in the conservation 
equations; no additional equation is immediately available for its 
determination. This means that an extrapolation procedure has to be 
intro~uced t~ compute this quantity; such a procedure will depend on 
the integratfon .procedure used in the overall solution process.' One 
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such extra.polation procedure will be discussed .. in detail in a later 
chapter .. 
It is interesting to note that w.ith a slight rea.rrangement 
of terms, and then taking ·the limit as ~t ~ 0 and ~ - 0 in Eqs. (53) 
and (54), 
p ::; P b r 
= p v (v - vb) r r r 
where "btl denotes quantities at the boundary and urn the quantities 
tmmediately at the right of it. 
These two apparently trivial relationships can be .interpreted 
- . 
by considering the moving boundary as a contact discontinuity. In fact 
no mass flow occurs across the boundary and, therefore, ·Eqs. (56) and 
(57) represent a degenerate solution.of the· Rankine-Hugoniot equations. 
2.4. . Discontinuities Arising In Compressible Flow 
General Remarks. It is defin1 tel:y,:beyond the scope -of this 
work to present a complete account of the basic theory concerning flow 
discontinuities incompressible media. The following discussion w'ill 
belim.,ited to certain physical considerations relative to flow discon ... 
tinu;i ties, and tocerta in aspects of the generalized or "weak'! solutions 
of the conservation equations and their effects on the numerical 
calcula.tions. 
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It is wel~l known :i.n the study of compressible media that some 
ini.ti.a.lly cont·:i.nlj.ous moti.ons cannot be maintai.ned indefinitely 0 This 
has been well i.:Ll.ustratedby the classical example of a piston moving 
(lO") 
i.nside a tube fi.lled with gas u' " The propagati,on of disturbances 
i.n the gas is governed. by the sound speed. c :=:.J dp/ d.' p.; for a gas c 
car.. be taken as a :monc,tCin:i.c~:Lly i.ncre'3.s:i.ng function elf p" If the piston 
:i.s pw::,.t1ed inside the tu['e w:i.th a. vel.Jetty That i,ncreaseS slowly from 
rest) t;he motion. w:Ll.l g:ive rise to waves travell.i.ng at sound speed c., 
As the velocity of the ,piston :i:'1crE::g,see) the densi.ty of the gas and, 
conseq,uently also the sOt.,;.nd. speed c :i.ncrease 0 1:!herefo:re, th.ewa yes 
that are generated 8t t!:'.E: later t.imes} w~en thE- p,i.ston is moving at a 
faster veloci.tYJ w.1.ll oVertake the e3,rl:i.er ",lSl,ves that are traveling at 
a lower :speedo As a consequence thE:: prc:,fi,le cf tt .. E: cO'Jlpressi.ve velcci t:I 
wave) c'::JI1sidered. as a function of di.stancE) beco!.nes steeper and steeper 
a;::d .wi:ll eventuall:y 'be ~.rerti,ca.l 9.t "some point.. h.t s'u,c:U time.9 a s~rJ.ock 
wave is propagated into the gas as a Jw:np i.n veJ.Dc:i.ty) den,sit~y and 
pres su:re )Hndthus-·-caus E:S ···t:':£'brE:9~k.do'Wn -:'Jf .... tb.econt:j .. cj:J.:i:ty···(.1 fm"';tiofr, 
As suggested 'by GO'lJ.:rant, a.nd Fri.edr.i.chf, ~ ~jl.rnE cha..racter of the re:;;u.1Ting 
discontinu.ity 1s si.mi.:~ar t,G the hreg,k.i.ng Qf wat.f,r waves -whIch 'becDme 
steeper and. steeper a8 mDre s:ic,1'1f;ly ;.rc:gres 2 .~,l.J.g parts are::-'VETta ~k.en 'by 
faster oneso n 
Although the occurrence of a Q.iEccmt~,nui.ty caD be predi.cted 
and analyzed on purely !rBthemB.tical g:rori.nd.d) :'1.1:: may be physically 
realized that .one of the factors .i.nf.lue:Cici.ng the fcrmation cf s'dch d·is-
continuiti,es is the form of the equation of state p'= f(p ,8) that 
characterizes the meciiLL'Tl it: the tu:be 0 F'Jr IDl:'i3t actual. media, the 
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d2 dC density i.ncreases with pressure; also ~ :::: 0 and ap ::: OJ whi.ch 
dp 
corresponds to the si.tuation assumed in the piston problem. However, 
. 2 
. f d' 't'h dp > 0 d p < 0 < <. . d d th 1 t :1 a me lUID w 1. - OP '2 _ ,P 0 _ P co lS cons l ere, e a er 
dp 
influences of the piston would give rise to lower sound speeds and, 
therefore the subse~uent waves would travel slower than the earlier 
ones, thus tending to flatten out the compressive wave. In this case, 
therefore, no shock waves would arise and the motion would remain 
conti.nuous throughout 0 
From a mathematical point of vi.ew., the occurrence of dis-:-
continuiti.es raises ~uestions of uni~ueness of the solution of the 
conservation·e~uati.ons. This question will be examined more closely 
belbW 0 
The system of conservation e~uations governing compressible 
flow in one space varJ.able x may be written in matrix notation as 
F + B 
.x 
o . 
. Here the subscr:1.pts stand for partial derivatives.7 U is an unknown 
vector of 3 components, F = F(U) is a nonlinear vector function of x, 
t, U, and B is a vector of 3 components that are functions of x, t.9 
and u. In the case of spherical flow asconsi.dered in Section 2 ~ 2, 
r: [~2 m 2 U B F m - -. p + ~PX P 
2(e+p)m (e+p) m e 
L J px p 
(58a) 
in which m and e are momentum and total energy per unit volume. The 
same system in the nonconservative form is 
Yt + A (Y)Y + C 
where) 
p 
y = v 
E 
2 .9P. p = f(p)s)) and c = dp · 
0 
2pv 
x 
C 0 
2pv 
px 
(59) 
v p 0 
A 2 0 = c p v 
2 
vc E. v p p 
The quasilinear system of Eq. (59) is hyperbolic) since the 
eigenvalues of the matrix A are all real and distinct for all values 
of Y) as may be easily verified. Most proble:g1s of compressible flow in 
one space variable give rise to mixed initial and boundary value 
problems associated with Eq. (58) or (59). However, since the theory 
of initial value problems is better developed than the corresponding 
theor~ for miXed problems) some results of initial \~lue problems will 
be discussed here in order to provide some insight into the behavior of 
the solution of the mixed problem. The initial value problem for a 
system like Eq. (59) consists of determining solutions Y from their 
'initial state Y(x,O) = ~ for all future time. But it has been stated(25) 
that "solutions in the classical sense of quasilinear hyperbolic systems 
[like Eq. (59)] develop dis continuities after a finite time, regardles s 
of the smoothness of the initial data, and therefore, cannot be continued 
, 37 
indefinitely as regular solutions." For the example of the piston 
problem with, isentropic ga,s flow, an exhaustive discussion is given in 
Ref. (10). In this case, the time at which the solution loses its 
,uniqueness and continuity can be determined exactly. In fact, after a 
finite time, the characteristics start forming an envelope in the x-t 
plane, on which the contributions to the solution of the single 
characteristics conflict with each other. ,For this case the actual 
analytical expression of the envelope can be fOlli~d and the breakdown 
of the compression wave analyzed exactly. A general method for de-
termining the critical time in a system such as Eq. (59) for a given 
initial condition is given in Ref. ,(22) and its application to :the case 
of' spherical isentropic flow is also shown. 
In order to circumvent the difficulty arising from the loss 
of continuity and uniqueness of the classical solutions, an extended 
and weaker form of solution of , the conservation equations will be 
sought. In this weaker sense, a solution'will permit discontinuity and 
will not require differentiability. 
Hawever,before defining the veak form of solution and its 
implications with respect to the numerical calculations of discon- . 
tinuous compressible flow, it is necessary to examine how the conserva-
. tion equations are going to be affected locally by the presence of a 
discontinui ty, and how scme of ,the hYP?thes.es concerning the thermo-
dynamics of continuous flow must now be changed. 
,P?ysical Characteristics of'Flow Discontinuities. ,The 
- Generalized Rankine-Hugoniot Equations. The previous'assumptions that 
viscous friction is negligible and that the entropy of a particle is 
constant cannot be justified when the pressure and temperature gradients 
are not small. In this case, where the phys-ical phenomenon includes 
a shock wave, a larBe amount of energy i.8 dissipated through viscous 
friction and. heat conduction in a very narrow zone in which the 
gradients of pressure and velocity are high 0 Outside this zone the 
flow re:r:nains essentially adiabati.c and is governed by the conservation 
e~uationso The ma.thematical idealization replaces these narrow dissipa-
tion zones with sharp surfaces across which some of the field ~uantities 
have infinite gradi.ents and naturally re~uires that conservation of 
mass, momentum} and energy is satisfied across the discontinuity 0 In 
addition, the dissipative character at a discontinuity must be included,; 
this is done by adding to the conservation equations the condition that 
the entropy does not decrease across the discont:i.nui ty 0 It must be 
recalled that :ion a continuous flow" the conservation of energy reduces 
to the constancy of the speci.fic entropy" For a d:i.scontinuous flow 
this is no longer true.; the energy is conserved across the jumP.~ but 
in addj.ti.on the condi.tion of non-decreasi.ng entropy must be re~uired as 
an independent relationship" iJ:fherefore na. dIscontinuous process is 
completely determined by the three conservation laws and the entropy 
condition. The original differential e~uations, valid in the region of 
continuous flow, together with the condi.t:i.ons express ing the conserva-
.tion laws and the entropy conditioon across a discontinui.ty surface, 
suffice to determi.ne the flow without describing in detail the irrevers-
d · t·, t f 'I (10 ') ible proces s acros s a lS con lnUl y sur ace 0" , 
Under these assumptions, it can be described how the conserva-
tion laws are modified locally by the presence f d " t·"t (22) o a J.oscon lnUl Yo' , 
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Any conservation law such as'E~so (1), (2)y and (3), can be written in 
the more general form 
~ J Ud~ 
'-r 
I 
J (uv F) 0 ndS 
S 
(60) 
This can be shown by recalling that the "material rate of 
change" of a <J.uantity B ~ -J Ud~ of the material that is instantaneously 
l' 
occupying the volume 'I) but is also passing through it, is given by 
DB D 
Dt = Dt J ~; d~ + J UvohdS 
'f S 
(61) 
in which v is the velocity field of the fluid flowing through 'f) and n 
is the outward n0rmal of the surface S that bounds To (30) The same 
statement holds true ,if one assumes that the surface S that bounds '1" 
is moving in space and that an element dS of the surface moves w·ith 
veloci ty Vo U can be any scalar fi.eld defined in the same space 0 
Using E~o (61) in E~o (60) yields y 
(62) 
l-'ihich is precisely the general form of the integral principles given in 
E~s 0 (1)) (2)) and (3). The terms U and F in E~o (62) are ~ 
p 
u pv 
pE 
F 
pv 
(nfn - vpv) 
(fv .. 'pEv 
(62a) 
Using the Gaussian divergence theorem in Eqo (62)) the 
equation becomes 
o 
whi.ch expresses the divergence-free character of the conservation 
equations. 
If it is assumed that U and F contain jump discontinuities 
(~ ) across a surface 0\r,t = constant" in a 4-space, then within the 
narrow regi.on of the surface) 
do dt + do dxl + 
dt dXl 
do dt + v 0 a dr dt x 
where r(xl ,x2,x3) is a position vector,.9 denotes the gradient 
x 
o 
operator acting on the space variables only. and dr is a space increment 
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with components dx J dx ) dx 0 Dividing this equation by dt and taking 
the li.mi t gives 
o (64) 
where q is the local velocity of propagation of the discontinuity 
surface 00 For simplicity of reference, let the volume in Fig. 4 be 
the same as in Figo 1 and let a(r,t) = constant be a spherical discon-
tinuity surface concentric with the spherical surfaces Sl and S2 as shown 
in Fig. 4. Moreover Se = S - Sl - S2' where Se consists of the plane 
portion of the total bounding surface So For this configuration 
Eq. (60) becomes 
where 
D 
Dt 
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• I J (Uv-UF\·nldS + J (UV-F)2 on2dS + J (Uv-F)e 0 ndS 
81 8 2 8e (65) 
). means that the quantity in the parentheses is evaluated 
l 
for the appropriate part of S. As 1:" -? 0, the surfaces 81 and 82 
coincide, in the limit, with a(r,t) = constant and so n ::::: -nl " The 2 . 
i.ntegral over the volume and the integral over 8 vanish because the 
e 
integrands do not contain singularities in the domain 1"., and Eq. (65) 
reduces to 
since the motion of 81 and 8 2 will in the limi.t coinci.de with the motion 
of au If [X] denotes the jump X1 -X2 in the quantity X across the 
surface 0'.7 this equati.on then reads 
(66) 
By definition the unit vector normal to cr is given by~ 
\l a 
x 
and by Eqo (64)~ 
where I-L i.s the local velocity of propagati.on of the discontinuity along 
nlO Combining Eqs" (66) and (67) yields, 
or iJ;[U] [F 0 n ] 
1 
(68) 
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which is known as the generalized Rankine-Hugoniot relation. Equation 
(68) is quite general since it does not depend on the choice of the 
volume T and can be shown to hold for any number of independent 
varlab.les 0 
For the case of purely hydrodynamic flow in one space variable, 
Eqo (68) takes the simple form~ 
~[U] [FJ 
whi.ch expresses the continuity of the field (U,F) across a disconti.nui.ty 
surfaceu From Eq" (62a) or (58a), Eqo (69) implies the following: 
~,[ p] ['m] 
2 
~[m] m (70) .- [p + -J p 
~[e] [ ( '\ mJ e+p/ P" 
which are the well known Ranki.ne-Hugoniot equ.ations of gas dynamics. 
A number of equivalent ways of wri t:i.ng Eqo ("rO) are given in Ref 0 (10) 0 
In a true shock there is always mass flow across the discontinuity 
surface 0 If no mass flaw occurs 8.cross the surface, the relative 
velocities of the particles on either si.de of the discont:inui.ty are a 
as can be seen from the first of Eqo (70); in this case the surface i.s 
called a 11 contact discontinuity a 11 Such a surface moves with the 
material and separates two zones of different density but continuity of 
pressure and velocity is preserved. 
The'various important vroperties of a shock transition have 
been extensively analyzed by a number of authors; eogo, in Refs a (10) 
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and (22). Among the most important properties in a hydrodynamic shock 
are the following: 
1. Shocks are compressive, i.e., density and pressure rise 
across the shock front. This is true if and only if an increase in 
entropy occurs across the discontinuity .. , 
,2. The speed of the shock is always supersonic with respect 
to the material ahead of the discontinuity and subsonic with respect 
the material behind the 'f d
2
p 
° 
dC 0 .. to shock, l 2 > and do > dp - p -
Taking the value [p] across the discontinuity as a measure 
the shock strength, it can also be easily shown that, as [p] - 0 the 
speed of propagation of the discontinuity fJ. tends to the sound s,peed 
c ~ (dP/dp)1/2. Since the shocks for which fJ. does not significantly 
exceed c are classified as I!weak shocks,!! it can be said that a sound 
wave is an infinitely weak shock. 
For a medium in which the pressure depends on the density 
alone and not on the entropy, the first two conditions of Eq. (70) 
of 
suffice to describe the shock transi,tion. Here the energy jump relation 
can be used as a means of determining the energy balance after the 
problem has been solved. This may be related to the considerations 
regarding isentropic continuous flow 0 The same simplifi.cat ion also 
applies to llweak shocks.!! In fact it can be proved that for weak shocks 
the jump in entropy is of third order in the shock strength and, there-
fore, can be safely neglected. 
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2.5. Weak Solutions and Viscosity Methods 
Consider now the hyperbolic system Eq. (.58)) in conservative 
form and in one space variable, 
Ut +Fx + B = 0 
with the initial conditi.ons U(xJO) = cp(x). 
Assume a class of test vectors W(xJt) that are differentiable 
with respect to x and tJ and vanish identically outside a bounded 
domain D in the (x.,t)-spaceo Multiplying Eq. (58) by a test vector .W., 
and then integrating the resulting equatlon over all values of x, .it 
can be shown by integration by parts that, (22) 
00 00 00 
o 
_00 o _00 
AnY'vector U(x,t) satisfying Eqo ('-r:l) for all test vectors W in D is 
defi.ned as a "weak solution\! of Eqo (58) wit,h the given initial condi-
tions. Thi.s definition makes it clear that weak solutions need not be 
differentiable and may also be regarded as expressing the divergence-
free character of the vector field (UJF) i.n a generalized or weak 
(25) 
sense ... 
A first and important property of a weak solution is the 
. following 0 If Ul and 'LT2 are two" genuine" solutions of Eq. (61) 
defined on adjacent sides of a discontinuity curve 0(XJt) = constant, 
the two solutions tB;ken together may be consi.dered to constitute a weak 
solution of Eq. (58) if the jumps i.n U and F s~ti.sfy the Rankine-Hugoniot 
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conditions of Eq. (69). This is shown for example in Ref. (11). 
Therefore) Eqo -(71) makes it possible to define in some sense a con-
-tinua-tion -of the s olu-t ions- of-Eq-o---(58)-beY0nd-a---shoc-k-d-iscont-inuity 0 
It should be clear that if a true solution of Eq. (58) exists, it also 
satisfies Equ (71) and} therefore} is also a weak solution. 
A solution in this generalized or weak sense} therefore, 
cannot be expected to possess all the properties of a true solution. 
In fact the initial values alone do not, in general determine a unique 
weak solution. Examples proving this statement are given in Ref .. (22) 0 
This means, therefore that the problem as originally stated is not a 
meaningful one for weak solution) unless an additional condition can 
be imposed to. assure the uniqueness of a weak solution. In the words 
of Lax,) (34) "if we believe that our mathematical model does describe 
an aspect of the physical world, then there is indeed assigned to each 
initial function a unique weak solution, namely the one that occurs in 
nature, The problem is to characterize mathematically this physically 
relevant solution." The underlyi.ng hypothes is here is the well known 
postula te that in a phys ical problem the so:lution depends continuously 
on the initial data. Lax(25) has shown that for a hyperbolic system of 
the type of Eqo (58) the baslc requirement of non-decreasing entropy 
across a shock must characterize a physically relevant weak solution 
and was able to show also that, for a restricted class of initial data 
(corresponding to Riemann's problem) the entropy condition insures 
uniqueness, and on' this basis the weak soluti.on can be constructed. 
However, no proof of uniqueness has yet been given in general. 
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An additional principle, therefore, must be selected on 
physical grounds, which at the same time should indicate a way of 
actually constructing the desired weak solution. It was observed 
earlier that in actual physical processes, dissipative effects due to 
viscosity and heat conduction tend to smooth out flow discontinuities 
such that, in reality, a shock surface is replaced by a thin transition 
zone in which the gradients of the field quantities are very. high but 
not infini.te, as implied in the mathematical idealization. This suggests 
the important ma thema tical criterion that weak solutions occurring. in 
nature are limits of viscous flows. 
Mathematically, these observations can be stated by first 
introducing an artificial viscous. term in Eqo (58).; thus, 
Ut + F + B = AU x xx 
which is a nonlinear parabolic system, where A i.s an artificial 
*. 
viscosity constant. It may be conjectured .that if the initial data are 
fixed and A taken smaller and smaller J the correspondi.ng solutions. 
UA(x,t) converge to a limit U(x,t) in the interval 0 < t < T. If this 
conjecture is valid, it can be rigorously shown that the limit U(x,t) 
of the sequence UA(x,t) is a weak solution of Eq. (58). 
Although the procedure suggested by Eq. (72) is, one of the 
. simplest, there are obviously other possibilities for introducing a 
viscosity term. If there is convergence in the sense described above 
7(. liigorous proofs have been given only for single conservation equations 
of special types, but there is considerable numerical evidence 
supporting this conjecture for hydrodynamic problems. 
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all these different methods may be expected to yield the same weak 
solution in the limit. 
The us~ of viscosity as described above is of great ~portance. 
Aside from its physical plausibility, it also suggests a convenient and 
powerful approximate method of handling flow" discontinuities in 
practical applications. 
Von Neumann and Richtmyer(38) have shown that if an appropriate 
dissips.t.ive term of the type just discussed is introduced in the one-
" dimensional flow equations} a narrow zone of smooth but ver,y steep 
transition replaces each sharp shock jump in the solution. There is no 
need then to introduce into the calculations the internal boundary con= 
ditions represented by the Rankine-Hugoniot equations because the 
dissipation effects will be relevant only at the locations where shock 
transitions occur and will be of negligible effect elsewhere. This 
means that the jumps in the solution are determined a~tomatically, in 
whatever form" they arise. At the" same time, the basic con.servation 
laws on which the Hugoniot conditions were based are retained, and the 
jump conditions still hold across the transition layer. This layer is 
regarded as thin in comparison with other dimensions occurring in the 
problem. It can also be proved(32) that the "smearedH shock travels 
with the same speed and produces the same entropy change as a true shock 
under the same conditions. 
Although, ingeneralj the-convergence of the sequence of 
solutions corre~p6nding"to decreasing values of the artificial viscosity 
term has not been proved, the Von Neumann--R1chtmyer method described 
above shows that the viscosity ap~roachis sound and is apramising 
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approach for determining the relevant weak solutions. 
Another way of formulating a limiting :grocess, that could lead 
to weak solutions, is obtained by replacing'Eq. (61) with a special 
type of finite difference equations. The- idea iSt due to Lax arid 
Wendroff, (26) in which a system of the following form is considered~ 
U == F t x 
A special difference scheme is devised that has the following property. 
If v(x,t) denote a solution of the difference equations, such that as 
6x. ~ 0 and 6t ~O, v(x,t) converges to some function u(x,t), then-u(x,t) 
is, a-,ws.'ak, solution of Eq. (73) with given initial data .. 
The Lax-Wendroff method lends itself conveniently to the 
treatment 'of discontinuities because, although no explicit dissipative 
term is introduced in it, the difference scheme itself has a dissipa-
tive character that tends to damp ?ut the'- high-frequency _ components of 
a solution as the flow progresseso 
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III 0 MATERIAL BEHAVIOR 
3010 Introductory Remarks 
It was pointed out earlier that for a complete descripti.on 
of flow) an equation of state must be added to the conservation lawso 
Generally speaking, this additional relationship accounts for the 
thermodynamical properties of the specific medium in terms of pressure) 
d.ensity and entropy (or internal energy). However, it was also 
observed that if conditions of constant entropy can be assumed through-
out) the description of flow is considerably simplified and only a 
I!mechanical ll equation of state is needed relating pressure to density. 
For non-isotropic stress states) this Hmechanical" relationship is more 
generally represented by a law relating stresses to strai.ns (or their 
respective rates) and density 0 Actual observations on underground 
explosions and a number of calculations have shown that at the termina= 
t.ion~J.o$:L' the hydrodynamic zone only a very small fraction of the 
initial energy input is left in the pressure wave and therefore the 
assumption of isentropic flow for subsequent ground motion seems 
adequate 0 This assumption will underli.e all the rest of this worko 
Unfortunately though) only few experimental d.ata are available on the 
stress behavior of earth materials (particularly granular medj.a) beyond 
the elastic limit and up to pressures of 5 - 10 kilobarso Nevertheless) 
important attempts have been made towards the development of mathe-
matical models capable of handling the strongly nonlinear physical 
properties of a large class of earth media in terms of appropriate 
constitutive relationships 0 
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For problems of soil dynamics within the scope of interest of 
this work) the most interesting model has perhaps been proposed) 
together with some applications, by S. So Grigoriano(14)15)16) The 
basic characteristics of this model will be outlined in this section 
with reference to spherically symmetric problems 0 Some remarks are 
added concerning its application to dynamic problems and the determina~ 
tion of some experimental functions involved in the descriptiono 
A soil can be viewed as an aggregate of mineral particles) 
water) and airo In an undisturbed state) the mineral particles are 
often cemented together and form a porous skeleton which) under suf-
ficiently small loads) will resist deformation as a linearly-elastic 
Hookean mediumo As the load increases) an increasing fraction of it 
will be carried by the water and the air filling the pores) whereas the 
skeleton will gradually break up; a further increase in load will not 
only bring to a total collapse of the cemented skeleton 'but will also 
start fracturing the mineral particles themselves with a clearly.irre-
versible process of compaction and comminution. It is evident that a 
Hookean model is no longer applicable to describe this process .. If 
the load is reduced at this stage) the resulting decrease in density 
will be very small in comparison with the :relatively .. largedensity change 
taking place during loading 0 This is obviously a result of the ir-
reversibility of recompaction and fracture of the mineral particles) 
because the complete breakdov,ln of the skeleton i.educes the soil to a 
material without memory of the initial conditions. In this range) it 
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is then clear that the loading and unloEiding processes should be 
described by different laws 0 With a significant further increase of the 
load) the porosity of the medium will eventually be eliminated and the 
soil will compress and expand. reversibly in the same way as metals and 
non-porous rockso 
It may be expected that the range of irreversible behavior is 
greatly affected by the initial water content of the soilo 'rhe 
importance of this factor will be illustrated below with some experi-
mental results for a typi.cal class of soils under dynamic loading 0 
As a basis for a stress-strain descripti.on) two kinds of 
forces must be taken into consideration~ 
.1) Dry friction forces between the particles in contact 
2) Elastic forces inside the particles themselves 0 
The stresses arising from the friction forces should depend only on the 
instantaneous state of deformation and not on the final total displace~ 
ments because of the irreversible character of compaction and fracturing. 
This means the state of stress should depend on the deformation rates 
and not on the final deformations as is the case for materials with 
memory 0 The presence of elastic forces inside the particles means 
there must 'be elastic components in the stress tensor 0 
The total state of deformation itself is supposed to be 
derived from the superposition of a volumetric and a shear deformation J 
as it is commonly done in mathematical models for solid mediao In an 
isotropic medium it can reasonably be assQmed that the magnitude of the 
volumetric deformation is determined by the mean stress (hydrostatic 
pressure) p = -1/3 cr" and the density changes in the medirrmo This 
II 
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assumption leads then to a relationship between pressure and density" 
which must account for the possibility of both reversible and irre-
versible volume changes for increasing p. This is in contrast with 
the models of the various plastic theories for dense non-porous 
materials where the volumetric deformation is assumed as elastic or 
completely negligible. 
On the basis of these considerations and of experiments the 
qualitative aspect of the pressure density relation p = f(P)" is shown 
in Fig. 5. Below. the point (Pl"Pl ) is the range of irreversible be-
havior; if the loading process is arrested at any point (p*"p*) below 
(Pl"Pl ) and the pressure is decreased" unloading will occur along a 
different path and,. if the medium has some cohesion" it will terminate 
at a point on the curve Po = cp(p
o
) which· represents the state of -
complete unloading. If the medium has no cohesion" it can withstand 
no tensile stresses and p = o . 
. 0 
If ·the pres sure is carried beyond Pl' reversible volumetric 
deformation takes place as for an elastic materia.l. If unloading 
starts from a point (P2,P2) and the pressure decreases below Pl' the 
unloading path is qualitatively illustrated by the dashed line shown 
in Fig. 5. An analytical representation for these rather complicated 
properties of volume deformations can be found in Ref s' (15) . 
. The analytical relationship for the shear deformation is based 
on the' Prandtl .... Reuss mathematical model of elastic-plastic solids. It 
is assumed. that a part of the infinitesimally small rate of shear 
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deformation of an element will become plastic when the deviator of the 
stress tensor satisfies a certain plasticity conditiono 
This condition makes the plastic limit depend on the preE;lsure 
and is written 
- F(p) (77) 
where Sij = aij + 0ijP is the stress deviator and F is a non-decreasing 
function of its argument 0 The explicit for.m ofF has to be determined 
by experimentso For a rather large class of granular media it can be 
as surned that 
F(p) 2 Cap + b) alb constants 
Equation (77) is of the same form as the well known Coulomb-Mohr 
criterion of failure and it can be considered as an approxLmation or 
generalization of ito It should be observed thatEqo (77) is a condi.-
tion of ideal plasticity. For the case of a spherically symmetric 
state of stress one can set a
r 
= -p + sr and ae = -p - sr/2, 
sr = 2(a
r 
- ae)/3 being the stress deviator 0 The yield conditi.on, 
Eqo (77), then simply reads 
or 
2 4 ( ., 
s = ~3 F, p) r ' 
F{.' ) 
.P. 
According to the Prandtl-Reuss theory, when plastic flow occurs, there 
will bea plastic component of the strain-rate deviator directly pro-
portional to the stress deviator, or 
E. , lJ As .. lJ 
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where E .. is the strain-rate tensor. lJ 
(80) 
A correct description of the elasti.c strain rate poses the question of 
time differentiation of a stress tensor in a case of large deformations. 
The problem is discussed by Grigorian and solved by using ,Jaumann 7 s 
definition of a stress rate tensoro For a problem in principal stress 
and strain) however) Jaumann's definition coincides with. the usual 
time derivative 0 For a spherically symmetric stress problem) the 
complete elastic-plastic law reads~ 
4G (dV _ !.) 
3 dr r (81) 
The p.lastic multiplier A can be determi.ned through the plasticity 
But 
yielding) 
2 
l des ) 
._ r 
2 dt 
h ". 4 
+ 3"AF\p) - 3 
2GW - F~(p)dp!at 
2F(p) 
Multiplying Eq. (81) by s one has 
r 
(82) 
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where W ('dV v). (). sr ~ - r lS the plastic rate of work distortion 0 
It follows that plastic shear may occur only when both the plasticity 
criter:Lon and the. inequality A > 0 are satisfied. This inequality 
implies 
or 
2GW > F' V ( ) ~ P dt 
2Gs 
r 
(8.,3 ) 
For a granular medium it is reasonable to assume that the 
shear modulus is a function of the dens i ty and furthermore, if the yJ.eld 
condition is satisfied in compression) Eqo (79) gives 
s = - ~.JF(J;) = 
r .[3 - g~3F(p) 3 
and Eqo (83) is then. equivalent to~ 
!.) > F1 (p) 
r ~3F(P) 
dP 
dt 
(84) 
Thi.s shows that, since G(p) is naturally assumed to be a bounded quantity 
whereas F(p) may increase without limits as p ~ 00, the equality of 
Eqo (85) may not be satisfiedo It is also possible that, after plastic 
flow is started, a reverse transition from plastic to elasti.c shear 
under monotonically increasing compression might occur, depending on 
the. form of 'the function p. = .p(p) and F = F(p)o It should be observed 
that, under increasing load, such a transition connot take place if 
plastic shear is governed by the von Mises yield criterion 0 A deta lle¢L 
discussion on this point for the case of one-dimensional dynamic flow 
is given in Ref. (16). If only elastic shear occurs, the stress-strain 
law is obviously expressed by Eq. (81) with A = O. 
In its original statement,. Mohr I s .limi t criterion postulates 
that, at the onset of slippage in a granular medium, the shear stress 
in any plane cannot exceed the friction force cauSed by the normal 
pressure acting on the section .. If the medium has negligible cohesion, 
the limiting condition can be' written in terms of the major and minor 
compressive stresses 0'1 and 0'3 as 
cr -1 
. where cP is the angle of internal friction. This is the same as 
1 + sincp 
1 - sincp 
stating the constancy of the ratio of the major to the minor' principal 
stressu The ratio t3 can then be obtained through an experimental 
determination of the Mohr envelope for the material under consideration . 
. On the other hand, if Eq.(78) holds with b = 0,· Eq. (84) can 
be rewritten as 
a '( 2) a ' ,., = (3 ' "",'r + 'O'e r - '""e' 'V u. 
and introducing the ratio . t3 
a. = J3 (t3 - 1)/ (t3 +2) = 2 .[3 sincp 3-sincp 
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If the cohesion c is not negligible it can be shown that 
c cotcp b and b = 2 J5 c coscp 3 - sincp 
Experimental values for the constants a, b obtained from 
direct field data on sandy soils, are presented in Ref. (1). Other data 
from direct measurements on a small scale laboratory explosion in a sandy 
soil, supporting the assumption of constant t3 during plastic flow, are 
reported in Ref. (33). A different technique, based on uniaxial compres~ 
sion tests, for 'determining the function F(p) is described by 
Grigorian. (15). 
3.3. Flow Discontinuities and Dissipation Phenomena Associated with 
Grigorian's Equations 
An exhaustive treatment of dynamic motion governed by the 
Grigorian's equations (one-dimensional piston problem) is contained in 
Re'f .. (16) ~ Some aspects of this analysis, without repeating any detailed 
analytical treatment, are restated here •. First of all it should be 
ob served that a transition from elastic to plastic shear, governed by 
Egs." (84) and.(85), occurs with a sudden jump in the dilatational 
sound velocity .. This can be easily seen assuming for a moment that in 
the initial state of loading the medium behaves like a linearly elastic 
s,blid. Then G = constant and the initial slope of the pressure-density 
curve is given by the bulk-modulus K. In this case, if the changes in 
density and accelerations are small, the dilatational sound· speed is 
approximately, 
51 4 gl/2 c £ = - (K + - G Po 3 
When plastic flow commences, the radial stress cr may in general be 
r 
expressed as a function of density only, or 
-p + s = -f(p) - g [3F(P)]l/2 
r 3 -f(p) - ~ [3F{f(p))jl/2 
if compreSSion is consideredc 
Then 
. and the plastic sound velocity is, 
. '[1/2 
[
1 + F' (p) ]' 
J3 F(p) 
Therefore, even if the slope of the pressure-density curve remains 
constant [f'(p)/p = (Kip )J, a sudden discontinuity occurs in c because 
o 0 
':I 
of the change in the analytical dependence Df the deviator on the 
density 0 If the ine~uality 
d(cp) 
dp > 0 (88) 
holds in the region where the elastic-plastic transition occurs (in 
c~pression), then a stable (cnmpressive) shock will arise as a resl,llt 
of the velocity discontinuityc If the volumetric deformation in this 
range is linearly elastic 
and if F(p) is given by· Eq. (78), then 
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c., = - (1 + -) = {
K ~.}'1/2 
p..L Po J"3 constant 
which shows that the inequality of Eqo (88) is satisfied by Eqo (89) 
as well as byEqo (86)0 If the medium has anS-shaped volumetric curve, 
as shown in Fig. 5) it may happen that d(cp)/dp < 0 for values of p close 
to Po' whereas d(cp)/dp > 0 for larger p, because of the presence of an 
inflection point. The uniaxial wave-propagation in a nonlinear elastic 
material with such a characteristic has been previously analyzed by 
Barenblatto (5) For small initial compression~ the motion starts out as 
a continuous compressive wave. As compression increases the latter parts 
of the input signal start travelling faster and faster, tending to over-
come the elastic wave front and forming a shock front, analogous to the 
classical hydrodynamic problem discussed ·in Sect. 2 .. 30 In this case 
however, the shock front, is preceded by the continuous elastic. 
precursor waveo If compression increases without limits" the precursor 
will eventually be absorbed by the jump a The basic features of this 
propagation pattern have actually been recorded in field measurements 
on conventional centrally syn;rmetric explosions and also in the elastic-
plastic 2; one created by underground E?-tomic bursts. (1) 
Another discontinuity in the sound velocity arises if 
unloading is started at a point (p*,p*):; in the range of irreversible 
behavior of the pressure-density curve 0 As shown in Figo 5, a sudden 
jump in the slope dp/dp occurs at such a pointe Theoreti.cal considera-
. tions show that both a compres·sive shock and a continuous rarefaction 
wave could be caused by this type of discontinuity if Eqo (88) holdsu 
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HOI-leyer, consideration of the stability at the wave front leads one to 
discard the first possibility. The continuous rarefaction wave may 
travel at a speed greater than the existing compressive loading wave 
even when the latter contains a shock front. Therefore, the rarefaction 
(unloading) front may eventually overtake the whole region of compressive, 
motion initially ahead of it, causing thereby a very rapid wave attenua-
tiona ,Actually) the irreversible region at relatively low stresses is 
an important feature of Grigorian's model, since field. measurements do 
not indicate any stress level below which dissipation is unimportant. (17) 
Another significant characteristic of ' the model is the choice of a yield' 
criterion of the form of Eqo (77). If von Mises'criterion were chosen 
instead, no plastic yielding can occur whenever the peak radial stress 
is less than a certain level, and the subsequent attenuation of the 
wave lS completely elastic, 'i. e., nondissipati ve. But if the yield 
stress depends on the pressure, as stated by Eq. (77), plastic dissipa-
~ 
tion occurs at lower stresses resulting in a faster attenuation of 
peak stresses, which has a closer correlation with field data, as shown 
by some numerical results tO,be discussed later. 
3.40 Experimental Pressure-Density, Curves for a Typical Granular Medium 
Some·interestipg experimental results in the pressure range 
for which Grigorian' s model may be used,were obtained bY"Hendron and 
])3.viSson(20) from static 'and dynamic confined uniaxial tests on samples 
of playa-silt from,the Nevada 'Test site. In these tests, the radial 
stresses were measured in addition to the axial stress and the axial 
strain, thus allowing for the calculation of the mean pressureo 
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In Fig. 6 the loading portions for two tests on samples with 
different initial degree of saturation are compared. The dashed parts 
of the curves are ~xtrapolated. Above the points indicating the strains 
at saturation, the slope represents the compressibility of water 
(300 ksi), since it is assumed that the voids are completely filled by 
water, after the porous skeleton. is broken. It can be clearly seen 
that the initial water content greatly affects the slope of the upper 
portion of the curves and is therefore bound to play a major role in the 
propagation and attenuation of a shock wave. A plot of radial stress 
(loadin~vs. axial stress for the same samples is shown in Fig. 7. 
When the point of saturation is reached, the curves should plot as 
straight lines with a slope of 450 (cr = cr. ). Ass-uming the density of 
a r 
the soil 1s constant in the volume instantaneously occupied by the 
specimen, one has, for the confined uniaxial tests under consideration 
and 
p :: (O'axial + 2 O'rad1al) /3 
The pressure-density curves obtained by means of the above relation-
ships and using the data of Figs. 6 and 7 are shown in Fig. 8. These 
curves clearly exhibit the general characteristics illustrated earlier 
for the Grigorian model. 
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IV. NUMERICAL METHODS 
4.1. Integration "Technique for the Interior Cells 
It is easily realized that the solution of the equations ot' 
conservation given in Chapter II requires numerical methods. Indeed, 
the development of the discrete Eulerian model that leads to centered 
difference equations of the conservation laws in the conservative form 
is precisely for this purpose,with specific reference to problems of 
spherical geometry. The solution of these equations requires a stable 
marching process in the space-time domain. For simplicity, only the 
hydrodynamic form of the equations will be considered; the same basic 
conclusions hold also for the non-hydrodynamic stress description. 
The marching process involves updating the field quantities 
from a generic time t(at which all the quantities are supposed known) 
to time t+~t 0 This is governed by a two-s~ep procedure tha t is partially 
iterative 0 Introduce the field variable fOT momentum 
m(I,t) = p(IJt)v(IJt), 
and let t* = t in Eq. (40) and t* t+6t in Eqo (39). Referring to 
Fig. 2, Eq. (40) then becomes 
m(i, t+6t) = m( i, t) - (6t/6r){ m2(i+l, t)/ p( 1+1, t) 
____ .. _._. _____ ._. __ ~_[p ( i+ ~~~.+q ( i + 1, t )] - m 2 (i -1, ~ ) / £.0 -1, t )_ 
~--. - ... --.-.---.-.. - .•. -~ .... -.--....... _-
-. [p (1-1, t )+Q(1-1, t) J) -(6t/r (i» [m2( i+l, t)/ p (1+1, t) 
+ m
2(i-1,t)/p(i-1,t)] - (~t/r(i))[p(i+1Jt)-2p(iJt)+p(i-lJt)] 
and Eq. (32) becomes 
p(i,t+6t) p (i) t) ~ (6.t/ b.r) [m (i+l, t+6t) -m (i-l) t+~t) ] 
=(6t/r(i) )[m(i+l,t+6t)+m(i.-l)t+6t) ] (92) 
In the momentum equation, Eq. (91), the additional terms q are 
artificial viscosity terms introduced to enhance the stability propertiee 
of the difference schemes' in the presence of flow discontinuities 0 The 
explicit form of q will be given below. . 
Equations (91) and (92) are used in the first sweep of the 
integration procedure from t to t+6t. It should be observed that the 
newly computed values of the momentum are introduced directly. i.n the 
continuity equation 0 It should also be observed that at 'the end of the 
first sweep all the field variables are updated at all the.mesh points. 
The second sweep) therefore, uses the newly computed values at all the 
mesh points in the same way as a purely implicit scheme. 
In fact, setting t* = t + 6t in'Eqso (40) and (32) yields) 
respectively; 
--- --- ,- ----- --
and 
m2(i,t+6t) = m(i)t)-(6t/6r) (mi(i+l,t+6t)/Pl(i+l,t+6t) 
+ [Pl(i+l)t+6t)+Ql(i+l,t+6t)] - mi~i-l,t+6t)/Pl(i-l,t+6t) 
= [Pl(i=l,t+6t)+Ql(i-l,t+6t)]} 
- (6t/r(i))[mi(i+l j t+6t)/Pl(i+1 J t+6t) 
+ mi(i-l y t+6t)/Pl (i-l)t+6t)] 
- (6t/r(i)) [Pl (i+l,t+6t)-Pl (i)t-l-6t)+P1 (i-l,t+6t)] (9.3) 
-----------
P2(i J t+6t) = P (i)t) ~ (6t/6r )[m2(i+l) t+6t) -m2 (i-I) t+6t) J 
- (6t/r(i))[m2 (i+l,t+6t)+m2(i-l,t+6t)] (94) 
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where the subscript !!l" is used to label the quantities obtained at the 
end of the first sweep, and the subscript fi2" labels the final quantities 
for time t+6t. Equations (93) and (94) are used in the second sweep, 
which completes the, integration procedure for the interior cells over 
a single time step 6t. 
The artificial viscosity terms actually used in the computa-
tions are of two forms, as follows~ 
(1) linear form, 
q(i,t) Bp(i,t)c(i,t)[m(i-l,t)/p(i-l,t) - m(i+l,t)jp(i+l,t)] 
(2) quadratic form (original definition by von Neumann and Richtmyer) 
q(i,t) = ~ a2[p(i,t)+I?(i,t~6t)](m2(i+l,t)/p(i+l,t) 
-m
2(i-l,t)/p(i-l,t)] 
The physical and mathematical implications of these artificial terms 
have been illustrated earlier. However, additional information in-
cl~ding specific analytical forms-for ,q can be found in Ref. (32). 
Actually there are no rig~d requirements in the correct choice of the 
viscosity terms. It is often chosen through computational experiments 
and depends very much on the problem under consideration. 
The constants B and a are also usually chosen by computational 
experiments such that a shock discontinuity is spread over 2 or3 space 
mesh J..engths. 
4.20 Computational Algorithm and Treatment of Boundary Motions 
Wi~h referenCe to Fig. 3 which shows the expansion of a 
spherical cavity, and setting t* = t, the momentum equation, Eq. (54).9 
for the boundary cell can be written as 
mCBM,t+t:.t) {m(BM,t)6s(t)[1-6~(t)/r(N)]'" m2 (N,t)At/p(N,t) 
+ [ ~ ( t ) - p (N , t ) - 2L1f ( t ) (p ( t ) -p (~1 , t ) ) / r (N.) ] ~t } / 
(~;(t)[l-~~(t)/r(N)J 
-v(B,t)6t[1-26~(t)/r(N)+v(B,t)nt/r(N)J) (95) 
where v(B,t) is the particle velocity at the cavity. The computational 
steps used for updating the boundary values and for combining these with 
the interior field values are as follows (described for the first 
sweep) : 
(1) With Eq. (95), m(BMJt+~t) is calculated for the boundary 
cell. Similarly, the momentum values of all interior cells, i > N + 1, 
are updated using Eq. (91). 
(2) On the basis of the interpolation formula 
the decay parameter 01 is obtained. Then the momentum at N is computed 
(3) With the knowledge of m(N,t+6t), the second part, 
Eq,. (92), of the first sweep can be performed,; thus updating the values 
of p at all the interior cells starting fromN + 1. The corresponding 
values of p and of the. local sound velocity are then obtained from the 
prescribed pressure-density ~e1ationship. 
(4) The boundary pressure is a prescribed input quantity and, 
once ·loading or unloading are specified, the pressure p is assumed to 
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be uniquely determined. Hence, from the pressure-density function 
p = f(p)., the density at the cavity is determined as) 
(5) A value of the decay parameter a2 is computed from 
Then, using a2 both p(BM,t+~t) and p(N,t+~t) can be calculated by means 
of an interpolation equation similar to Eq. (97). Alternatively, ,the 
density at the boundary may be determined through the continuity con-
ditiotl of Eqc (53); however, computationally this has' proved to be 
rather inconvenient . The direct interpolation scheme used is 
obviously possible only for the simplified conditions of isentropic 
flm~ assumed herein. 
(6) The updated veloci t.i.e.s: ,for', ,all :points j except the 
p,oundary p.oint'B, are t.heil'obtained as' 
also, 
v(i, t+~t) = m(i, t+~t)/ p ("1",. t+~t) , ,i 2:: N + 1 
v(BM,t+~t) = m(BM,t+~t)/p(BM~t+~t) 
(7) The boundary velocity v(B,t+6t)is computed -by a least-
s<luare linear extrapolation, using the values v(BM,t+~t), v(N+I,t+~t} 
and v(N+3,t+~t), namely the values at the center of the first three 
cells on the same row, including the boundary cell. The weights uSed 
'for '(BM,t+~t) and v(N+l,t+~t) are the masses M(BM,t+~t) and M(N+l,t+6t), 
whereas the .weight for v(N+3"t+~t) is the mass M(N+3,t+6t) multiplied 
by a factor which is inversely proportional to M(BM,t+~t1 precisely, 
M(EM, t) 
1 - M (BM,t) · HereMo is the mass of the current boundary cell at the 
o 
start of the emptying process 0 Thi.s procedure is adopted for the 
following reasons~ 
(a). The boundary cell becomes increasingly empty as the 
cavity expands; consequently the accuracy of v(BM:,t+~t) may decrease as 
M(EM)~ 00 Its weight, therefore, ought to decrease accordingly 0 
(b) The interpolation and weighting procedure should have 
a smooth transition from an empty cell to·a full cello The above choice 
of the weights insures the required smoothnesso 
The seven steps descri.bed above complete the calculations for 
the first sweep, For the second sweep Eqso (93) and (94) are used in 
place of Eqs 0 (91) and (92) for the interior cells, wh:l.le for the 
boundary cell the boundary momentum equation is written, consistent with 
Equ (93), as follows~ 
m2 (BM,t+6t) = (m(BM,t)D~(t)[1-6~(t)/r(N)] 
2 . 
-ml (N,t+6t)6t/Pl(N,t+6t) + [P(t+6t)-Pl(N,t+6t) 
-2D~(t)(P(t+6t)-Pl(BM)t)/r(N)]6t) / 
. (6~(t)[1-6~(t)/r(N)] - V l (B,t+6t}6t[1-2Ds(t)/r(N) 
+vl (B,t+6t)6t/r(N)]} (99) 
·All the other steps are repeated exactly as in the first sweep 0 Once 
the final value v2(B.~t+6t) is obta~ned) the position of the boundary 
withreference.to point. N can. be updated using 
If 6s(t+6t) ~ 0, it means that the boundary cell has been completely 
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emptied. In this event, 8~ = 8r is set for the next cycle of camputa-
tion and the boundary cell is advanced to the next cell of the same row. 
It should be observed that no artificial viscosity terms are 
used in EgG (95) and (99). This involves better stability conditions 
in the case where the cavity pres'sures are applied with a finite rise 
time. 
Certain modifications are required in the treatment of the 
. boundary. when deviatoric stresses are also considered. First of all, 
the computation of the quantities at the boundary must permit the cal-
culation of both the mean pressure a.nd the stress deviator. These two· 
s·tresses must necessarily. be distinguished in order to 8.1low the 
determination of the boundary density from the given p-p relationship. 
For this purpose it is simply assumed that the ratio of the hydro-
static pressure to the (known) total radial stress at the c'avity 1s the 
same as that of the first interior cell obtained from the stresses of 
the last cycle of computation. For the first time step (t = 6t), it is 
assumed that p(B,6t) ~ a (B,~t)/3. 
r 
Once the boundary values of p.and the deviator s are com-
l' 
puted at the beginning of each t1mestep, the' above procedure is 
repeated w1theasent18,lly no ehange,except for the appropriate 
momentum equations. The dev1ator1c stress at the center of the boundary 
cell. is inteI1lola ted f'rqm the boundary value and the deviator of the 
first interior cell ttaough an equation similar to·Eq. (97). The 
deviatoric stresses in the interior cells are obtained from the 
velocities through an appropriate constitutive relationship. 
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4030 Truncation Error and Stability Properties of the Difference 
Equations 
A Taylor series expansion of the relevant field quantities 
and (92) are, respectively, as follows~ 
and 
~ -
where p and m represent an exact solution of the di.fferential equations 
'of conservation" Eqs. (16) and (19), in a region of continuous flow" 
iDeo) where all the derivatives of m and p are bounded. 
In order to insure stability of the solution of the difference 
equations, the time mesh is usually coarser than the space mesh. 
It can, therefore) be assumed that besides dq/dr) the dominant error 
2 terms are of 0 (.6.r ) 0 On the other hand q can be defined in such a' way 
that dq/dr becomes very small in the regions of continuous flow 0 
Obviously) this does not hold in the vici.nity of a flow di.scontinuity; 
however) in this .la tter region the error term is precisely what makes 
the propagation of the discontinuity possible by smearing it over a 
small finite length, and thus preserving the continuity of the deriva-
tives in the transition region. 
Usually the truncation error shows how closely a solution of 
the .difference equations agrees with that of the corresponding dif-
ferential equations as the mesh is made finer and finero If the 
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difference scheme is stable, a smaller truncation error usually implies 
a faster convergence of the numerical solution to the solution of the 
longer true, and it would be misleading to judge.the quality of a 
difference scheme solely on the sm~11ne8s of its truncation error. 
In the present case the error terms of O(6r2 ) arise ·fram the 
centered difference formula tion of the t·ransport terms in the model 
equations. This is not necessarily an optimum .treatment, particularly 
·if there· is formation of shock waves in regions where the particle' 
velocities are much lower than the.local sound velocity. CompUtationa~ 
results show that such regions are usually critical in the assessment 
of the stability. of explicit 'Eulerian difference schemes. For this 
reason, certe,.1n,Eule:rian codefJ based on the so-called FLIe method~13,3l) 
in which the difference schemes are totally explicit, have been used to 
calculate the transport tams .w1th a ,mass directly proportional to the 
density of the cell, from. ·which the fluid is flowing. This is known 
also as the !·'<!.onor ce:ll!lV differencing method. It leads to backward 
space differences and,.therefore, the truncation error terms are of 
O(Ar). Some of these terms are similar to viscosity. terms in the sense 
that they cause an artificial diffusion of mass and momentum in .regions 
w.here rapid cha.nges· in these quantities take place. This procedure, 
therefore, .has a stabilizing .influence in the presence of shocks, but 
it also has ,the disadwntage that the size of the diffusion terms 
cannot be as well controlled as with the use of artificial terms. An 
interesting camparis~nof results obtained with various differencing 
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methods and vari.ous types of viscosity for one-dimensional Euleri.an 
equations is given in Ref" (27) 0 
the boundary cell) no rigorous analysis of the stabili.ty question in 
which the boundary conditions are included was attempted" Only a 
.linear stability analysis for the interior difference equations 1.8 
outlined; this is intended to provide some' insight into the properties 
of the mixed explicit-implicit system represented by Eqs 0 (91) and. (92) 
and the stabilizing influence of the viscosity termso Such an aDalysis 
is made following the :wellknown Von Neumann's 'method of testing 
the growth of small perturbations (in the form of Fourier series 
. components) superimposed on the solution of the differential pr8blemo 
The Yon Neumann ~ s method yields the necessary and sufficient cond.iti.ons 
for stability only. in the case of linear equations with constant 
coeffi.cients. However, the method is extremely useful also for truly 
nonlinear difference problems when a suita'ble lineari.zation can be 
appliedo The procedure can be o'utlined as follows (32) ~ 
(1) Suppose that u(Iill',~t) is a s,?lution of the differ-
Y1 
ential problem and ul is the solution of the correspond:ing difference 
n ~( )' n n' 
equa tions 0 Let ur = u IL::u' -' ~t + ~uI J where oUr is a small perturba ti.e,n 
of first ordero Substituting this in the d.ifference equations and 
dropping terms of second and higher orders in OU, the equations of 
first variation in OU are obtained 0 These equations are linear in DU 
with the coefficients' dependi~g on u. 
(2) At each point (I6r-,~t) consider the equations of the 
first variation with the (locally constant) values of the coefficients 
at that point, and test i'OT stability on the basis of a Fourier 
n !loI n p>I ik6r analysis~ ~nis is done by taking o~ = oUo~ ~ , where ~ = e 
and ~n = ea6t , in ~he equations of the first variation~ Since the 
system is linear with constant coefficients, the vanishing of the 
determinant of the coefficients is required for the existence of a 
non-trivial solution~ This gives one determinantal equation for ~. 
In order to insure stability, the roots of the determinantal equation 
must be such that I ~ I s 1", This guarantees that a given Fourier com-
ponent does not grow with time at the specified point. If! ~ I S I is 
satisfied at all the points of the discretized domain, then there is 
reasonable assurance for an overall stability of the differencing 
scheme e 
Under certain conditions and for certain classes of equations, 
local stability can be shown to be a necessary and sufficient require-
merit for overall stability. However this is not true in general. 
An extensive discussion on this point is gi:ven in Chapter 5 of 
Ref 0 (32). 
Now consider Egs Q (91) and (92) J and let 
p(I,t) n n (lOOa) = PI = P + oPr ; 
m(I,t) n n (lOOb) and =~ =m+ 8mI 
Using the linear viscosity in Eq~ 19l) \ I , 
q(I,t) = Bp(I,t)c(I,t)[m(I-l,t)/p(I-l,t)-m(I+l,t)/p(I+l,t)] 
and recalling that c2 = dp/dp, the equations of the first variation 
resulting from Eqs. (91) and (92) are, respectively.~ 
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o (101) 
and 
o (102) 
where A := 6t/6r) and v = m/ po The spherical divergence terms) belng of 
higher order) disappear in the above equations 0 The coefficients c 
'and v are zero order quantities and can be regarded as constants In. 
any small regiono 
Eqs 0 (101) and (102) 0 After some simpl:1.fications) these yield 
and. 
[(s-l) + 4iAvsink+4t-..Bcsin2kJom 
o 
These two equ9.tions) therefore, constitute a linear system with constant 
coefficients 0 The two unknowns are op and om .. 
o 0 
The requi.rement for 
a non-trivial solution yields the following determinantal equa ti.on 
2 (2 ) 2 2 2· 2 2· 
s + [iAAv 2+ABA c' + ~ c + A A (c -v )-2](; 
- (2 iM v + tJ3cA 2 ) + 1 = 0 
where A 2sink. 
According to von Neumann ~ s method) local stabili.ty 1.S insured 
l.f the roots of Eq. (103) satisfy I~ I S 10 The solution of Eqo' (.lCj) 
for 5) and the evaluation of lsI) lead to rather complicated expressions 
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where complex terms appear under the radical sign. It seems preferable, 
therefore, to use an algebnic criterion for determining whether unity 
is an upper bound of 1 ~ /. First let, 
Mv = M ; ; 2 2 2 (c -v)~ -2 = K 
and also, 
2 2 2 1/2 ~1 = [M (2+Q) + (K+~)] . J 
it can then be shown(37)that I~I < 1 if the inequalities 
and 
1 - ~ ... 13 > 0 1 ·2 
~ 
(104) . 
1 - ~l > '0 (105) 
are both satisfied. It is readily observed that ir the artificial 
viscosity terms are absent,·Eqs .. (104), and (105) become 
1 _ (4M2+~)1/2 _ (1+~2)1/2 > o· 
1 ... (4M2+r) :> 0 
(106) 
(107) 
Clearly, no value of M and K can satisfy,Eq. (106() j. hence, the stability 
of Eqs. (91) and (92) cannot be assured, if no viscosity. terms are used. 
2/ 2 . Next consider' the case ,where v c «1. It will be seen in 
is often for 'W-ave 
propaga tioo, in earth D1.edia under low pressures. If this condition 
1s s8:tisfied,. the 1neq~11t1es ot Eqs. (104) and (105) yield 
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Since the largest possible value of A2 is 4, and c)cr) and B are all 
assQmed to be positive quantities) the above inequalities also Lmply 
1 - 2r;..2c2 ? a 
These lead, respectively) to the following requirements 
c6t < ,[2 (lOBa) & 2 
and c6t < ! (B2 3)1/2 B (108b) & 2 ~ + , 2 
If the more severe of these two inequalities is satisfied) stability 
is indicated 0 For instance, if B = 005, Eqo (108b) yields 
These restrictions therefoTe, are more stringent than the well known 
Courant-Friedrichs condition:,. which says 
c6t/& ::: 1. (109) 
In the~gehera1 case when v is of the same order of magnitude as c" the 
fulfillment of Eqso (104) and (105) leads to 
(110) 
and (111) 
From here) it is readily seen thatEq. (111) prevails if 
(112) 
Values of the ratio A. 1tlhich satisfy the inequalities of Eqs 0 (110) and 
(Ill) must be determined numerically once B) c) and v are given or 
known 0 It should be emphasized that conditional stability) therefore, 
can be established locally for Eqso (91) and (92)0 
Considering now the second sweep of the integration procedure) 
let the system of Eqso (93) and (94) be regarded as a purely implicit 
scheme 0 This is not a bad approximation, provided the calculations 
of the first sweep are stable 0 Neglecting the viscosity terms, it can 
be shown that the determinantal equation corresponding to the first 
variation of the above equations is 
whose Toots are~ 
Sl 2= [l+iAl5.(v:±,c) J/r 1+(c2 _v2 )h2A 2 +2~~V] 
) 
Hence, 
If:: I [1 A2'\ 2( )2 Jl/2' / ([1 C' 2 2) '\2A2]2 4' ,\,2;,2 2.,1/2 s 1 2 ::; + IS; V ± c - c -v t<... + I\' ,h. V ) 
) 
It can then be shown that lSI, 21 S 1 for any, value of c and v 0 This} 
therefore, 1nsures stability in the small 0 
Finally) it should be pointed out that the local stability 
criterion discussed above provides only a rough gJide if a shock dis-
continuity is propagated through the region under considerationo In 
fact) the whole stability concept i.s plausible only when 6t and 6r are 
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much smaller than the total space and time involved in the physical 
problem} which in turn also implies that 6r must be much smaller than 
the shock thickness. This latter requirement, however, cannot be 
satisfied by any discrete approach if the definition of the shock has 
to be sharp. In such cases, where shocks can develop, an approximate 
stability criterion of the following form 
(c+ /vl}6t/6r < 1 
can be used(32) for purely·hydrodynamic situations. Specific values 
of (c -+ I v I )6.t/ m 'Elsed in the pres·ent study are illustrated in 
Chapter V. 
v 0 NtJMERICA-L SOLUTIONS OF SPHERICAL PRESStIRE WA \lES IN EARTH MEDIA 
5.10 Introduction 
No exact solution is known for the propagation of spherical 
waves in solid media in which the material behavior is described by an 
arbitrary nonlinear pressure-density relationship and an elast:ic-
plastic stress-strain equ.ation. Approximate analytical solutions 
determined under greatly simplified assumptions, can be found in 
Refso (8), (23) and (33)0 In fact, even for the simplest case of one-
dimensional plane geometry, the analytical solution of the boundary and 
initial value problem, in which shock and unloading waves can occur in 
a general material, .remains a formidable problem, Consequently, the 
comparison of numerical calculations with exact solutions is as 
yet not possibleu Therefore, from a purely theoretical standpoint the 
prediction of wave motions using computer methods must be considered 
with some care. However, because of the current interest in the pre-
diction. of ground motions resulting from explosive forces, particularly 
those induced by nuclear bursts, some field data are available for 
contained bursts that may be used to verify the reliability of the 
numerical calculation methodo The data for regions that are relatively 
far from the center of burst appear to be reasonably good. 
In this study) two groups of numerical computations were 
performed to test the validity of the proposed numerical model, as well 
as to illustrate its application to the prediction of spherical ground 
motions in earth media. 
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(1) Elasti.c-plastic wave propagation in granite; for this 
problem it is possible to compare the nlli~erical results in terms of 
the decay of peak. radial stress and peak r9.dial velocity with certain 
experimental data recorded at the Nevada Test Site (Hardhat Event) 0 
A linear pressure-density relationship and two failure cri.teria of the 
rna terial were used in the calculations c 
(2) Shock-wave formation and propagation in playa· si.lt~ the 
problem is first solved by assuming that no deviatoric stress component 
is acting and that the pressure-density relationshi.p is as illustrated. 
in Figo 80 The shock is propagated by means of artificial viscosity 
termsu Because of the steep slope of the p-p c~rve at the higher 
pressure regions) the early stage of this problem" during which strong 
shocks are formed, constitutes a severe test of the stability and con-
vergence properties of the differepce equations 0 For this reason J the 
effects of refining the mesh size and of varying the viscosity terms 
are illustratedo 
Calculations were performed also for the same problem in the 
presence of deviatoric effects as described by the Grigorian theory, 
No significant differences were found in tLe propagation process except 
for the very early stage of loading 0 
No comparison with field data can be shown for thi.s second. 
group of problems since no test data for deep underground explosions 
seem to be availablec 
5020 Elastic-Plastic Propagation in Granite 
The experimental data recorded in the low press'ure region 
(8 h') (below 4 kbars) for the Hardhat event y3" (Nevada Test Site} 1962:',9 
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were used to test the spherical calculations of the proposed Eulerian 
modelo Hard...1;.at involved a 5-kiloton nuclear explosion in granite at a 
depth of 950 feet, for which a considerable number of particle accelera-
tioD and velocity measurements were obtained over a wide range of 
distances, extending from the hydrodynamic region to the elastic regiono 
Detailed descriptions of the data and their sources can be found in 
Refs 0 (8) and (34)0 
The calculations were carried out for the regions in which the 
material can be effectively regarded as isotropic and homogeneous 0 
Also, a linear pressure-density relationship of the form p = K(p/po - 1,) 
was assumed. The same material constants as those described in Ref. (9) 
were useq..; namely, 
K = 00361 megabar ~ 5235 ksi 
G = 0.315 megabar '?:; 4570 kai .. 
These values are in agreement with the in-situ seismic measurements of 
17,850 ft/sec and 10,000 ft/sec for the dilatational and shear 
velocities, respectively, which can be verified on the basis of the 
following elastic relationships 
G 
2067 gm/cm3 as the initial density of the materialo 
Two different sets of caiculations were performed~ the first 
it 
set assumes a linearly elastic behavior with the plastic e~uations of 
Grigorian, while the second set also uses a linearly elastic behavior 
but with the yield condition of von Miseso The latter assumption 
implies that when the condition of positive plastic work 
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w ~) > 0 
r' 
is satisfied, the stress deviator s 
r 
plastic / 
s = -2k- 3 
r 0 
assumes a constant value 
(110) 
since in thi.s case plastic flow is supposed to be independent of the 
mean pressure. According to the original defi.nition whi.ch is based on 
stati.c loading of metals) the valuE: k is the yield limit in '~iaxial 
o 
tension; but for applications to d,ynamic problems thj.s defini tj,on mu.st 
be modified and it is preferable to regard k as a plast:i,c modulus 
o 
determi.ned directly from dynamic test data. Certain experimental 
evidence i,ndi,ca tes that the dynamic strength should. be approximately 
t1,.Jice the static y:teld strengtho Therefore y based on these assumpti,oDE9 
and. on the data ancl the numerica,l results discussed :i.n Ref, (9)" the 
value of k = 3 kilobars was selected for the Von Mises criteriono 
o 
For both sets of calculations, the elasti.c and the unl.,")9.d,ing 
behavior of the stress <le\Tiator is ·9.8 de:scrj.bed by Eqo (8~1) w:i.th A = C~· 
d r: '""In tant 'r,Th,::::>n Eq /78) l' 8 .... sPd a Q tb . 1 ~. C1~ . t' t'_'n'_e 8.n Ii = C·J. S . '.' V'i,,~~, , 0 \.; '-' , " -'-" _ '-' J.e Yle C1 con :1 l,on, 
va:lli,es of b = "5 ks i. ~ .35 bars and Ct = 0895 were as sumed 0 The small 
value of 'b suggeste a rather lOT"; degree of cohesion whereas the value 
of ex corresponds approximately to a ratio of f3 :=; 6 and, therefore) to 
an angle of internal frict:ion cp of 450 0 
It j.s further assumed that the medi"'J.:n cannot withstand tensile 
stresses higher than T = 1 ksi "?' 70 bars and t:tat when this li.!llit i.s 
o 
exceeded either by Ijr cr 08 .? G = o. If only radial cracks develop, it 
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would be sounder to assume a one-dimensional state- of stress in the 
cracked region, with cre = 0; see Refs (39)0 
The calc~lations were started at a distance of 200 ft from the 
center of the explosion; this distance was taken as the initial radius 
of the cavity for the spherical model. At the station r = 203 ft, a 
smooth pressure-history measurement made by Heusinkfeld; et ala is 
. (21) 
avallable. This profile shows a peak pressure of approximately 
4 kilobars, a rise time of approximately 1.6 msec., and a fall-off time 
td of approximately 2 msec. This pressure pulse was approximated with 
the following function 
:p{ t) 
p ~ [1- ( t / t r ) 2 ] 
:= _~_a_xt e- ' (111) 
.---:p-. _._.- ... _ .... __ ...... __ ...... __ .... _ .. -.... _-_. __ ... _-_.----._._ .. _-........ _---..... - ._ ...... _ ...... _ ... _--. -_ ... _._ ...... _--_._._ ... _ ..._._-- ......... _--... --..... --._ .. _ ........ _._ .. _ ............ - .. 
witb, p = 4 kilobars and t = 2 msec. This is then applie~ at the 
max r 
cavity to simulate the starting conditions of the explosion,. 
The logari th..mic decay of the peak radial stress with distance, 
scaled to 5 kilotclDs (according to the usual cube root scaling law) is 
illustra ted in Fl.g 0 9. The curve calculated iJll'i.th the Coulomb -Mohr 
(simplified Grigorian) behavior plots essentially as a straight line, 
on which the peak pressure falls off approximately as r-2 . 03 . It does 
not deviate much from the curve obtained 'with the approximate analytical 
method of Bishop. (8) The equation given by Bishop for the attenuation 
of the radial stress is, 
i 
where cr
r 
.- 45,400 kiloo-ars and r. = 4 ft are the initial cavity pressure 
J. 
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and radius assumed for th~ explosion. Under the Coulomb-Mohr assump-
tion, it was found that the material yields at very low stress levels 
(cr. is approximately 0.55 kilobars) and that plastic dissipation is 
r 
present at all stress levels over the entire region of the calculations; 
that is, up to a distance of about 760 ft. from the center of the 
explosion. The extensive plastic dissipation indicated by the Coulomb-
Mohr hypothesis seems to be in rather good agreement with field 
measurements. It can be observed in Figs: 11 and 12 that this type 
of plastic behavior does not produce radial or tangential cracks in 
the unloading portion of a pulse if a nonzero tensile strength is 
assumed for the material. 
A somewhat different behavior is exhibited by the results 
obtained with the von Mises yield condition as shown in Fig. 9. In 
this cas.e, plastic dissipation vanishes below the assumed yield limit 
of 3 kilobars; plastic flow stops at'a range of approximately 230 feet; 
beyond this distance the propagation is entirely elastic. In this 
curve, the decay of the peak stress is influenced also by the forma-
·tion of radial cracks immediately following the main pulse which are 
caused by the tangential stresses exceeding the tensile strength of the 
granite. Although the stress distribution in the cracked region may not 
be completely realistic, the propagation of the cracking front as a 
r'arefaction shock, see Figs. 11 and 12, is theoretically correct. (39) . 
It can also be observed from Fig. 9 that the curve calculated 
by Butkovich with the SOC code, taken from Ref. (9), appears to lie 
definitely above the experimental data. SOC is a Lagrangian code, 
developed by Seidl, (35) which supposedly can describe a variety of 
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plastic crushed and cracked materials,by means of rather sophisticated 
routines. For the curve shown, Butkovich used a von Mises condition 
with a compressive .yield strength of 205 kilobarso 
The graph for the decay of the peak radial velocity is given 
in Fig. 10; this shows essentially the same features as those shown in 
Fig. 9. A more pronounced difference in the velocities between the 
Coulomo=Mohr and the von Mises assumptions is indicated in the early 
stage of propagation. The experimental points appear to indicate a 
slower attenuation than the corresponding computational results in the 
near region. However, the results obtained with von Mises hypothesis 
seem to indicate that if a lower compressive strength were assumed, 
resulting in more extensive plastic flow, a better agreement with the 
data might follow. 
The effect of cracking in the unloading portion of ~ pulse is 
clearly illustrated by the stress profiles shown in Figs. 11 and.12. 
In both cases the peak radial stress is lower than the assumed yield 
limit of 3 kilobars and therefore propagation is entirely governed by 
the elastic equations. It is perhaps interesting to observe that 
cracking of the material leads to the formation of a second peak 
travelling after the main signal. 
A comparison of the radial stress histories calculated with 
the two different hypotheses at various locations is shown. in Figo 130 
The histories for t}J.e. yon }1iee? ca.st:.f;xhibi t as:uqclepcl!9P Vll1e.p-ttLE! 
cracks start opening, as would be expected. 
It can be observed that the difference in the time of arrival 
of pulses obtained with the two yield conditions gets more significant 
I 
at the larger distances (almost 2 msec at 445 ft). There is also a 
discrepancy in the arrival time between the calculated and observed 
pulse at 360 feet; this may partly be attributed to an error in the 
measuring instrum·ent. ( 9) However, the agreement in rise time and 
peak stress between the calcula.ted Coulomb-Mohr history and the .. field 
data i s otherwise good. 
For the calculations described B;bove., a mesh length of 
20 inches and linear artificial viscosity terms with B ; 0.2 were used. 
A uniform time increment ~t was chosen such that 
c~t I 
-zr; 3 
Additional calculations were performed without the use of viscosity 
terms, and no appreciable difference was noted in the results; thus 
indicating that the algebraic criterion of E~s. (104) and (105) might 
be more severe than necessary, 
·503. Shock Wave PrOpagation in Playa-Silt 
Numerical calcula. tions were performed also with the mode.l for 
problems where shock-waves can develop as a result of the equation of 
state of the material. In particular, the material is playa silt with 
a pressure-density relationship as shown in Fig. 8. No experimental 
data from contained underground bursts in' this medium appear to be 
available. Nevertheless it·isdeemedimportant·toascertainthecapa,;;; 
bility of the model to predict the wave propagation in a granular 
material, such as playa silt, in the range of behavior for which the 
Grigorian theory is applicable. As indica ted earlier, playa s i1 t is 
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one of the very few earth materials for 'which sufficient laboratory 
data are available to permit a suitable description of the pressure-
density relation for pressures up to about 1.5 kilobars (22 ksi). 
Nwnerical calculations of spherical shock propagation in 
playa silt at very high pressure levels (hydrodynamic zone) were 
performed by Erkman using a Lagrangian code. (12) Since the pressure 
levels considered by Erkrnan were much higher than those considered 
herein) it is not possible to use any of Erkman1s results for the 
present problem. 
In the present calculations, it was first asswned that the 
state of stress is hydrodynamic and, therefore,that it is completely 
described by the pressure-density relation p = f(P). The experi-
mental curve of. the mediwn with the higher W. in Fig. 8 was chosen for 
l 
this purpose. For computational convenience, the lower portion of the 
curve is .approximated by means of 5th degree polynomials such as to 
produce a smooth and continuous fit of the function as well as of its 
first derivative. The straight part of the curve was extrapol~ted 
with a constant slope up to a .pressure of 30ksi. Asswning a density 
at rest Po = 1 .. 69 gm/cm3 , the sound speed corresponding to the straight 
portion of the p-p curve is approximately 3300 ft/sec. In general, 
the experimental curves obtained by Hendron and Davis s on (20) sholrl 
·that unloading from a peak pr.essure occurs initially with a steeper 
slop'e than the loading path, and that in some cases the unloading path 
is practically vertical. However, for specimens with a relatively 
high initial water content, the ioading-unloading loop tends to be 
closed, giving some credence to the asswnption of Grigorian1s theory. 
The present calculations, which make use of the Grigorian theory, 
are based on the assumption that the p-p relation is reversible beyond 
a certain pressure level and consequently unloading follows a straight 
line as shown in Fig. 5. Unloading paths that are initiated from a 
point (p*, p*) lying in the range below (Pl' Pl ), as 'shown in Fig. 5) 
follow a straight line having the same slope as the reversible range. 
For this group of calculations the following parameters were used: 
(a) 
(b) 
Initial cavity radius r ::: 5000 in ~ 416 ft 
. 0 
Pressure pulse applied at cavity is given by Eq. (111), 
with t ::: 10 msec and p ::: 30 ksi ::: 2.07 kilobars 
r max 
(c) Stability requirement: 0.3 ~,(c+v) 6t/~ ~ 0.2. 
The space mesh ~ was chosen by computational experimentation 
such that it would be compatible with the limitations of the computer 
storage and also define a shock over a reasonably small zone. Using 
;Linear viscosity terms with B ::: 0,,5.it was fOillld that the effective 
shock thickness is spread over 3 mesh lengths, and that a value·of 
~ ::: 10 inches provides a sufficiently fine description of the jumps. 
However~ rather large differences in the time of arrival of the dis-
turbance were found by varying tT from 5 to 20 inches. This effect is 
clearly shown by the velocity histories of Fig. 14, and also by the 
shock and precursor wave paths shown in Fig. 15. In Fig. 15, it can 
be observed that the difference in the arrival times of the precursor 
wave obtained for & 5" and tsr 20" is about 2 milliseconds. This 
gives an indication of the error that might be expected from an 
increase in ~. 
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A special series of calculations was performed for the 
purpose of comparing the relative effectiveness of the linear and quad-
ratic viscosity terms} as given in Sec. 4.1, for the propagation of 
discontinuities. The pressure profiles obtained with the two types of 
artificial viscosity are compared in Fig. 16. The v.iscosity terms were 
employed both during loading and unloading, with B = 0.5 for the linear 
case, and a = 1.6 for the ~uadratic case. The latter value was chosen 
after some tests wi.th a varying between 1 and 2. A mesh length of 
20 inches was used in both cases. It is evident that the quadratic 
terms do not provide suffici.ent damping for the oscillations immediately 
behind the shock, whereas the linear terms give remarkably smoother 
profiles without causing any significant erosion of the jump amplitude. 
For this reason i.t seemed preferable to use linear viscosity terms with 
B = 0.5 and the results that follow herewith were determined on this 
basis. 
The results of the final calculations are plotted in Figs. 17 
through 20u The time histories of velocities and pressures at dif-
ferent radial locations are shown in Fig. 17 and 18, respectively. 
It can be observed that the results for r = 5015 in. are not given 
beyond the time of approximately 18 mseCj this means that the cavity 
has been expanded to a radius larger than 5015 inches. The space 
profiles for velocity and pressure at different times are given in 
·Figs. 19 and 20, respectively. It should be observed in Fig. 19 that 
at later time ins~ntsJ the peak particle velocities do not occur at 
. the jump but occur instead at the cavity. The peak pressures, however, 
remain invariably at the jump as shown in Fig. 20. 
The history of the expansion of the cavity is plotted in 
Fi.g. 21. The results shown in Figs. 1 7 through 20 were obta ined us ing 
the vis cos i ty te'rrns in loading only J namely 
q(IJt) ~ 0 
q(IJt) = 0 
when: v (I-lit) - v(I+l,t) > 0 
otherwise. 
No nottceable differences were detected by using 
also in unloading Q 
The problems described above were solved also using a stress-strain 
equation that includes the deviatoric effects following the Grigorian 
theory. Based on in-situ seismic measurements) a value of 20 ksi was 
. selected for the shear mod.ulus G. The playa-silt was regarded as a 
cohesionless soil and a value f3 = 3 corresponding to an angle of 
friction ~ = 300 was chosen. This leads to a \ffilue of a = 0.695. 
These calculations indicate that the differences in the repults 
obtained with and without the deviatoric effects are rather small. 
Yielding apparently occurs at extremely low stress levels (about 
100 psi) and the deviator remains plastic up to the point where .the 
pressure-density curve starts turning upward very rapidly. At this 
point a reverse transition from plastic to elastic flow occurs, as 
predicted by Grigorian's equations, and from then on the deviator remains 
practically constant whereas the bulk of the stress under increasing 
load is carried by the hydrostatic pressure.' Changing G to 40 kai and 
f3 to 4 did not introduce appreciable variations in the above pattern. 
Typical space profiles of the radial stress corresponding to 
the two stress descriptions are compared in Fig. 22 .. As would be 
expected) the curves show noticeable difference during the initial stage 
of loading" the presence of the deviator appears to delay the formation 
of the shockwave. It can also be observed that, in accordance with 
theor:y) the precursor wa.ve travels slower under hydrodynamic assumption. 
This is clearly shown by the initial stress,-hi.stories plotted in 
Ftg, 230 The transition from plastic to elasti.c flow occurs when 
a ~ 6 ksi as shown in Figo 22. On the basis of these results and in 
r 
the framework of Gri.gorian I s theory l.t can be concluded that a stress 
descri.ption using on.ly the hydrostatic component :i.s sufficiently accurate 
for the prediction of ground shock moti,ons in granular media whose 
behavi.oral character:istics are similar to playa si,lto This conclusion 
a.lso follows from the fact too tin' Grigorian' s equati,ons the shear 
modulus determines the magni.tude of the elastic deviator and, therefore, 
also the level of yielding. Since for granular cohes:ionless materials 
the shear ri.gidity is very small} the overall devi.atoric effects can be 
expected to be negligible. 
5,,40 Effect of Sou.nd Speed. D:i.scontinui.ti.es of Un:l-oad:i,ng Waves on 
Stability 
As mentioned in Secto 3.2, not only loading and ccmpactlcn but 
'also the unloading character:istics e,f playa si1t are strongly i.nfluenced 
'by the initial, moisture content 0 For the pressure levels under COQ-
sideration, which do not exceed 20 - 30 ks}" the experiJlents by Hendron 
and Davisson show that for low moisture contents the material unloads 
with a steeper slope than that of the corresponding loading path, This 
means that the ass'umption of reversibility of the p-p curve in the hIgher 
pressure ranges) which is made in the Grigorian theory, may not be 
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appropriate in the case of relatively dry granular media. In order to 
determine the effects of a steeper unloading path) certain calculations 
were performed using the volumetric curve of the dry medium indicated 
in Fig. 8. Unloading from the peak pressure was assu.med to follow a 
straight line having a slope twice as steep as the slope of the loading 
patb.u This produces an abrupt jump in the sound speed when the unloading 
process starts. The following parameters were used~ 
(a) Initial cavity radius r 
o 
1000 in. 
(b) Pressure input at the cavity is given 'by 'Eqo (111) 
with t ~ 8 msec and p = 12 ksi. 
r max 
(c) L:inear artificial vis cos i.ty with B := 0.5 both in loading 
and. unloading 
(d) 6:r = 10 inches.~ and (c + v) 6t/6r = 0.2 was required. 
A number of pressure~,distance profiles obtained from these calculati.ons 
are shown in Fig. 24. The abrupt change in c clearly produces uncLesir-
able osc1,llati.ons in the rarefaction portion of these profiles that grow 
slm.vly w:ith time. 1:he regular pattern of the oscillations plus the fact 
that at any given time these oscillations start exactly at the space 
location where the discontinuity i.n c occurs) indicate that some 
n,umer:i.cal instability is present. Elimination of the viscosity terms 
during unload:i.ng di,d not improve the situati::::m much. Also) i.mposing a 
more severe stability condition in terms of a smaller time step 6t 
[up to (c + v) 6t/!::;r = 001] did not yield much improvement 0 Other 
authors seem to have observed the same difficulty arising from unloading 
waves that travel with a sudden incres.se in the sound speed from that 
92 
or the correspond_i.ng loading wave 0 H01:tlever J no analys is of such 
instabili.ty is available 0 
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VIo SL~~RY AND CONCLUSIONS 
In the present study) a mathematical model is presented for 
the numerical solution of a broad class of spheri.cally symmetric wave 
propaga tion problems in continuous media 0 The model is essenti.ally a 
di.s crete cell analogue through which a dis crete EU.lerian formulation 
of the conservati.on equati.ons can be derived on clear physical grounds a 
The sim:ilari.ty between the integral form of the conservation principles 
and the "conservative" form of the difference eq,uati,ons derived through 
the model is preserved and emphasizedo The elementary statements of 
conservation on which the model is based also allow for a consistent 
t:reatment of the difficult problem of 8. moving bound.ary) such as th8.t 
represented by a spherical ca v:i ty expandi.ng in an infinite medhlm 0 
Certain physical and mathematical aspects of the theory of 
di.scontinuous flo",! are analyzed and same attent:Lon is devoted to the 
concept of a weak solution for 8. system of hyperbolic eq,ua ti,ons 0 This 
exami.nation shows the plausi,b:LLity of the numerical treatment of shock 
'(Naves by means of the well known arti,fi.ci.al viscosi.ty method.s 0' A 
li.near stabi.li.ty analysis for the general interior difference eq,uation8 
indicated the positive effect of the artifici.al viscosity terms on the 
stabi.li ty of the approximate numerical solution 0 
The solutions obta:i:.n.ed for a number of problems J in which the 
ma terial behavior is descri.bed by the eq,uations of Grigorian,9 show a 
good agreement with existing experimental datao Calculations involving 
situations where shocks can develop in a granular medium were also 
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performed.; these indicated that shocks are well defined and no 
significant oscillations occur if the unloading follows a reversi.ble 
pathe 
A purely hydrodynamic formulation for non-i,sentropic flow 
pr<Jblems can also be obtained with the model) provided. the numerical 
technique descri.bed herei.n for the treatment of the boundary can be 
suitably modified and an appropriate equation of state is available" 
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